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1 Introduction

This document describes the computation of the uncertainties of coaxial S-parameter mea-
surements, see [1]. This is a rather complicated task as all treated quantities are complex and
the required operations are numerous.

Up to now a common way to handle uncertainties of vector network analyzer (VNA) mea-
surements is the ripple technique described in [2]. The ripple technique uses precision airlines
and other physical standards to extract the residual errors of a calibrated VNA system. It is
based on the assumption that the precision transmission line has zero reflection. However,
the systematic reflection coefficients of connectors make this assumption invalid, see [3]. This
makes that the ripple method is unsuitable for computing the uncertainty of very accurate
measurements. A more sophisticated computation of uncertainties has been implemented in
StatistiCAL [4]. It relies on predefined uncertainties in standards and raw data. Thus it can
capture certain imperfections of the VNA and the used standards. On the other hand it has
neither a clear Bayesian nor frequentist concept for the imperfections of the VNA and does
not provide means for producing a detailed uncertainty budget.

The present document describes in a first part the measurement model. A very well
known measurement model for VNAs is described in [5]. However the model used here is
slightly different. It is a N-port model and it has a more detailed uncertainty mechanism than
[5]. The second part is the propagation of uncertainties through this measurement model.
This methodology is described in the Guide to the Expression of Uncertainty in Measurement
(GUM) [6], [7]. METAS UncLib [8], [9] is used for the linear propagation of uncertainties. The
result is not only an uncertainty region but a list of uncertainty contributions with correlations.
Thus the uncertainties can be propagated into eventual post-processing steps. A short de-
scription of METAS VNA Tools can be found in [10].
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2 VNA Measurement Model
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Figure 1: VNA Measurement Model

The following equation describes the in METAS VNA Tools used N-port VNA measure-
ment model.

M — RO 4 [(W n v@) @ [E ® [D@ @ [C@ ® s(”] } H (1)

All bold variables are S-parameter matrices. M, R and S are N-ports, the other bold variables
are 2N-ports and ¢ is the measurement index.

M denotes the raw data measured by the VNA.

R denotes the noise and linearity influences.

W denotes the switch terms.

V denotes the drift of the switch terms.

E denotes the calibration error terms.

D denotes the drift of the calibration error terms.

C denotes the cable stability, connector repeatability and DUT uncertainty influences.
S denotes the error corrected data or the calibration kit standard definitions.

M, R, V and D change from measurement to measurement. W and E are constant during
an entire calibration. C changes for every new connection or cable movement. S changes if
a new device is connected.
The operator @ denotes the cascading of two S-parameter sets, as described in appendix
A1,

The inverse function of equation 1 can be used for error correction.

sO = [[[(MO -RD) & (W+ V)| oE| s DO] & CW @)

The operator © denotes the decascading of two S-parameter sets, as described in appendix
A
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One can introduce two new auxiliary variables.
MO = M® —Rr®O® 3)
s — ¢ gs® (4)
where M’ designates the measured data including the noise and linearity influences and

S’ designates the actual data including the cable stability and connector repeatability. Now
equation 1 can be rewritten as

MO = (W+vP) o [Be DY os?)|. (5)

One can introduce two further auxiliary variables.
w0 = w4v® (6)
") — pO g g 7)

where W’() denotes the switch terms including the drift and S”(*) the actual data including the
cable stability, connector repeatability and the drift of the calibration error terms. Now equation
5 can be rewritten as

M@ = WO g [E ® S//(i)} ) (8)

Introducing one further auxiliary variable leads to

Here M”(9) denotes the switch corrected measured data including noise, linearity influences
and the drift of the switch terms. Equation 8 can be rewritten as

M) = E g 8", (10)

2.1 Calibration Error Terms

The following S-parameter matrix describes the error terms of a N-port VNA.

D1 Xy Xin T,
Xo1 Do Xo N 1o,
| Xnai X Dy Ty,
E = i M, (11)
To Mo
TN My

D, denotes the directivity of port x.

Xy, denotes the crosstalk from port x to port y.

T, ="T,T, denotes the reflection tracking of port x.

T, . =T,T, denotes the transmission tracking from port z to port y.

M, denotes the match of port x.

And all other terms are additional crosstalk terms.
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3 VNA Generic Calibration Model

The Generic VNA Model is used for the following calibration types: One Port, GSOLT, QSOLT
[11], Unknown Thru [12], TRL [13], LRRM [14], Juroshek [15] and LHKM [16], [17]. If an N-
port VNA has 2N receivers instead of N + 1 receivers then the switch terms can be measured
directly, see [18]. For one-port measurements the switch terms and the associated drift can
be set to zero.

3.1 One Port Calibration

3.1.1 Reflection Error Terms

x T x
| |
M// | |
»! ) I
I |
¢ > .
| |
| |
' YE.  EuaA | YS
I I
1 Eqz 1
 Sm— t
| |

Figure 2: One Port Calibration

The following equation describes the cascading of the reflection error terms and the defi-
nition of the calibration standard

11(2)
T - By
with
=N +uz. (13)

N is the number of ports and x is the actual port where the reflection calibration is performed.
Equation 12 can be rearranged as

M"0) = B, + Egp M'DS"0) 4 (Epz — EpyFrz) S0, (14)
Yi p1 D2 p3

Equation 14 can be written as a system of linear equations
p=Aly (15)
with
1 DS st
A=|1 M8 gl (16)
LIPS s

Michael Wollensack & Johannes Hoffmann Page 8 of 91 December 2020



METAS VNA Tools - Math Reference V2.4.3

and
M//(l)

y=| | (17)
MJ/C/:ES)
For example the first measurement could be a short, the second an open and the third a load.
The vector p contains the solution for the error terms.

Exx = pP1 (1 8)
Erz = p3+pip2 (20)
Ezz = p2 (21)

FE., stands for the directivity, F.z Fz, denotes the reflection tracking and Ezz designates the
source match term.

3.1.2 Power

For a power calibration the scaling factor of the tracking terms have to be determined.

| | |
I I I
T z 'z z 'z z 'z T
M — E + D + C ¢ S —
I I I I I
—> I I I I
aM” B\ ad” Dis a’ Cira ai Szz=+VCF b3
* > * > * > ?
I I I I
I I I I
I Dy I C. - I I
- < . < . '
by! by by by !

Figure 3: Power Calibration

In a first step the reflection coefficient I' of the power sensor is computed using error
correction, see section 2.

In a second step the scaling factor A is computed using the receiver values from the VNA,
the indicated power of the power sensor, the calibration factor C'F' of the power sensor, the

error terms and all uncertainty influences. The following set of equations holds
WM = M B, + b5 Eu /A (22)

" = M Eg A+ 02 Bz (23)

where

1 . . . . . . . .
a” denotes the reference receiver value of port x including noise and linearity uncertainties,

bi”” denotes the test receiver value of port x including noise and linearity uncertainties,
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a;f" denotes the incident wave of the power sensor connected to port = in V /v/k2 including
drift, cable stability, connector repeatability and standard definition uncertainties,

bi” denotes the reflected wave of the power sensor connected to port z in V/vk including
drift, cable stability, connector repeatability and standard definition uncertainties,

bS denotes the indicated power of the power sensor in mW including all absolute and relative
uncertainties of the power sensor,

FE .. denotes the directivity of port z,

FE.z Ez,. denotes the reflection tracking of port z,

FEzz denotes the source match term of port z,

A denotes the scaling factor of the tracking terms,

Dyys Dzey Dozy Dzz denote the drift influences of the power sensor measurement at port x,

Czz Cias Coz, Czz denote the cable stability and the connector repeatability influences of
the power sensor measurement at port z,

Sze denotes the reflection coefficient I' of the power sensor and

Sz denotes the square root of the calibration factor v CF of the power sensor, see section
6.16.

One can solve equation 22 for 535"

by = T (24)

and plug the result into 23

M// M//
by —ay FEig

1’ "
ad’ = ay Bz A+
Em’c

xT

Bz (25)

One can solve the above equation for the scaling factor \ of the tracking terms

S//
\ = s (26)

1 pM" _qM" | ’
aM’ Ezy 4 2= o 22 Bz

The phase of X is unknown because the phase of the incident wave of the power sensor af"

is unknown. For further data processing the absolute value of X\ is used, e.g.: average of
multiple power calibrations which finally yields to

n aS”(i)
X
Al = Z M (3) pM (@) _ M7 ()
i=1 | Qg ij + == E;E* L Ejj:

T

/n. (27)
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3.2 GSOLT Calibration

For a GSOLT calibration the switch terms have to be determined.

<
&___
>
@
@___

AW,

Wi, ¥

Figure 4: GSOLT Calibration

The following S-parameter matrix describes the transmission standard

) (50 s
A() = < S//(z’) S//l(/z‘) : (28)

yr vy

The error box of port x is denoted as

Ex:v E:va_c
x= ( Erp B > (29)
with
T=N+uz (30)

and the error box of port y is designated by

Eyn Ej
Y = 4 vy > (31)
( Eyy  Eyy
with
y=N+uy. (32)

Cascading the error box of port z, the transmission standard definition and the error box of
port y yields a new S-parameter matrix.

T =X AV gY (33)

The operator ® denotes the cascading of two 2-ports, as described in appendix A.1.3.
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Figure 5: GSOLT Calibration (simplified)
The reflection measurement at port x is described by
a( ) (4 () i
(e 4 B (S5 + By ) Wi
M) = Ti) + e : (34)
1 —Tyy Wiy
the transmission measurement from port x to y is described by
o) (9)
1(4) (/3(1’) Tym + ny)
My = OF G (35)
1 — Ty Wy
the transmission measurement from port y to x is described by
o (E5Th) + By
M) = G @ (36)
TMU Wii
and the reflection measurement at port y is described by
a(®) (%) (@) () /(1)
(gm Tyz + Eyw) (ﬁm Tay + Ewy)
MWD =T + : (37)
f 1— 1)WY
3.2.1 Switch Terms
A new auxiliary variable m, is introduced by combining equations 34, 35 and 36
M/(thru) . T(thru)
Mgz Tx . _ (thru) yp/ (thru) 1(thru) 38
My = 1(thru /(thru) (1 TLUI Wji’ W@? ( )
Mygt ) Mx(y ) )
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and m, by combining equations 35, 36 and 37

M/(thru) o T(thru)

m, — oy vy _ 1_T(thru)Wj§thTu) Wé(;hm). (39)
Y M;gﬁhru) M:::(;hru) ( vy vy )

Now one has a system with two equations and two unknown variables, which are both switch
terms. Equation 38 can be rewritten as

I(thru) My
WQ@ - 1— Tagtxhru) Wf@hTU) (40)

and one can put equation 40 into equation 39

1— Tag;hru) 1(thru)

T

my = (1 - T o ) W, (41)

One can find the root of equation 41

U thru 2 rU rU thru
T (W) (T =y T — 1) W 4 my =0 (42)

a b C

and solving the quadratic equation yields the switch term of port z. The other switch term of
port y can be calculated with equation 40.

(thru)  —bEV b2 — 4dac

/
R p—y 4
Wi 20 (43)

Finally one can remove the drift effects from the switch terms.

W = Wi — v (44)
Weg = Wy = Vg™ (45)

3.2.2 Crosstalk

If the switch terms are known, the crosstalk between two ports can be measured directly. Note
that is is assumed that there is no drift of the isolation.

ny _ M;@E“"” (46)
Epy = M (47)
3.2.3 Symmetry
The following equation defines a.

To find a solution for 3, equation 35 can be rewritten as

B =a T (49)
1= thru thru thru
M (1T W) 5,
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and equation 36 can be rewritten as

M:;(;hru) (1 . Tétxhru)W/(thru)> . Exy

T

P2 =« ) (50)
The GSOLT calibration algorithm assumes 5 as the mean of the forward 8; and the reverse
B2
then one can update the reflection and transmission tracking error terms of port z and y.
E.:E;
(6]
Ezp = « (53)
EE;
Ey = S (54)
Ey, = B (55)

FE.z Ez, stands for the reflection tracking of port x,
E,; Ez, stands for the transmission tracking from port x to port y,
E.zEy, stands for the transmission tracking from port y to port  and

E,; Ey, stands for the reflection tracking of port y.

3.3 QSOLT Calibration
The QSOLT calibration is described in [11].

3.3.1 Crosstalk

The crosstalk between two ports can be measured directly. Note that is is assumed that there
is no drift of the isolation.

By = M) (56)

3.3.2 Copy Calibration

The following S-parameter matrix describes the switch term and crosstalk corrected measured
data of the transmission standard

(%) 11(3)

T = ( M?{ 5 M“;W,ZoE” ) : (58)
yr T Hyz vy

Again the transmission standard is defined as

. S”g(gi) S;/(i)
Al = ( ng/(z‘) S”%i) : (59)

yr vy
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Figure 6: QSOLT Calibration
The error box of port = is defined as
E.. E
with
T=N+zx (61)
and the error box of port y id defined as
Y = < Eyy  Eyy ) (62)
Ey? Eyy
with
y=N+y. (63)

To copy the error terms of port x to port y one decascades X and A from T.
ol
Y = (X ® A(thru)) ® T(th?”u) (64)

The operator ® denotes the cascading of two 2-ports, as described in appendix A.1.3.

3.4 Unknown Thru Calibration

The Unknown Thru calibration is described in [12].

3.4.1 Crosstalk

The crosstalk between two ports can be measured directly. Note that is is assumed that there
is no drift of the isolation.

Eye = My (65)
Epy = My (66)
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3.4.2 Symmetry

The following S-parameter matrix describes the error box of port = and y.

Eaca: Ea:y E TT E Ty
Eye Eyy Eyz Eyy
Eze Ezy Ezz Lay
By Egy By gy

E = (67)

One can error correct the unknown thru measurement data without knowing the symmetry
error terms.
S//(thru) _ M//(thru) oF (68)

The operator © denotes the decascading of two S-parameter sets, as described in appendix
A1,

The forward and reverse transmission S-parameter of an unknown thru have to be the
same, because the unknown thru assumed to be a reciprocal device. The nominal magnitude
of the transmission of the unknown thru is described by

|3yx’ _ \/S;/a(cthru)sgl(/thru) (69)
and the nominal phase is described by
arg (Szljg(ﬁthru) S;/:,Sthru))
arg (syz) = 5 ) (70)
The following equation defines a.
a= F; (71)

One can compute 8 with the nominal transmission and the error corrected unknown thru
measurement. .
_ yz
’B - aS//(thru) (72)

yx

Then one can update the reflection and transmission tracking error terms of port = and y.

Ex?cEi‘:r

E.z = o (73)
Fzr = « (74)
By = Ey?jBEyy (75)
Eyy = P (76)

FE.z Ez, is the reflection tracking of port z,
E; Ez; is the transmission tracking from port x to port ¥,
E.zEy, is the transmission tracking from port y to port = and

E,; Ey, is the reflection tracking of port y.
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3.5 TRL Calibration

The TRL calibration is described in [13] works only with two ports.

3.5.1 Crosstalk

The crosstalk between two ports can be measured directly. Note that is is assumed that there
is no drift of the isolation.

By = My (77)
By = My (78)

3.5.2 Thru Reflect Line

The following T-parameter matrix describes the measurement of the thru which is corrected
for switch terms and crosstalk.

(79)

M//(thru) M:ItlzgthTu) . Exy
Mg/jggthru) . ny Mg//,ggthTU)

Ty = StoTParam < e

The next matrix describes the measurement of the line which is corrected for switch terms and
crosstalk.

M/l(line) Mg/g/(line) _ B
Tiine = StoTParam ( " l‘m v m(li W (80)
Mygg ine) Eyac Mygg ine)
One can cascade the line and the inverted thru.
m = Tyjpe x Tt (81)
With the elements of the matrix m one forms
am = Mo (82)
by, = ma2 —mi (83)
Cm — —Mi2. (84)

_bm b2 _4mm
+ /05, amC (85)

o= 20,
zy = —%—W (86)
If |z1]| > |z2| then one sets
a = m (87)
B = xo (88)
else one makes the inverse assignment
a = To (89)
B = xi. (90)
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One can cascade the inverted thru and the line.

n= Tt_h%”u X Tiine (91)
With the elements of the matrix n one forms

an = MN12 (92)

by = na22—ni1 (93)

Cn = —Noi. (94)

—bp, + /b2 — dancy, (95)

Y1 =
2an,
—by, — /b2 — dancy,
Y2 = 5 (96)
Qn
If |y1]| > |y2| then one sets
Y o= 0 (97)
o = (98)
else one makes the inverse assignment
Yo=Y (99)
5 = wyi. (100)

The TRL algorithm additionally uses the following intermediate quantities.

8- M//(reflect)

ho= T e (101)
reflect
fo = 7 My (102)
2 = 1(reflect)
0+ My,
B 8 — Mglvlagthru)
fs = Oé_Ma/c/a(cthTU) (103)

Now one can determine the parameters of the cascaded error boxes. The sign of e1; is chosen
by the approximate definition of the reflection standard.

epn = B (104)
€33 = —0 (105)
enn = £V fifofs (106)
em = 2 (107)
el
eo01 = (B—a)en (108)
exzzr = (y—d)exn (109)
€032 = (M” (thru) _ ) (1 —errex) (110)
€2301 = (M// (thru) _ ) (1 —errez) (111)
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Now the offset delay d = e~ of the thru definition is removed from the error boxes.

€11 €11/d (1 12)
€99 = €22/d (113)
eo1 = eo1/d (114)
ex332 = e332/d (115)
elo32 = eo32/d (116)
ex301 = ea301/d (117)
Setting one transmission term to 1 defines the remaining terms.
elp = 1 (118)
en = 20 119)
€10
ey = 2 (120)
€10
gy = 20 (121)
€01
Finally one can update the error terms of the VNA measurement model.
Exm = €00 (122)
Ej = €10 (123)
E.z: = el (124)
Ejf = €11 (125)
E@g = €99 (1 26)
Eyy = €39 (127)
E,, = e33 (129)
FE.. is the directivity of port z,
FEzz is the match of port z,
FE.z Ez. is the reflection tracking of port z,
E,; Ez; is the transmission tracking from port x to port ¥,
E.z By, is the transmission tracking from port y to port z,
E,; B, is the reflection tracking of port y,
Eyy is the match of port y and
E,, is the directivity of port y.
Michael Wollensack & Johannes Hoffmann Page 19 of 91 December 2020



METAS VNA Tools - Math Reference V2.4.3

3.6 LRRM Calibration

The in METAS VNA Tools implemented LRRM algorithm is a generalization of the LRRM
calibration described in [14]. The generalization consists of implementing a reflective non-
reciprocal line standard. The line standard has to be fully known. The two reflection standards
are measured each at both ports and have to have different reflection angles or amplitudes.
The match standard is only measured at one port. The DC resistance R of the match has to be
known. The following table describes the used calibration standards in the LRRM calibration.

Table 1: LRRM Standards

Standard S-parameter
® @
e so- (0 1)
Syz  Syy
Reflect 1 (unknown capacitance) S(® = % with C =?and C' >0
Reflect 2 (unknown reflection) S = e + §7im With 7e =2, 73 =7 and 7 < 0

Match (unknown inductance)

~ Rt+jwL+Z,

Slm) = JHeb—Zr \ith [ =7

The LRRM calibration can be described by the following nine linear equations, see section

3.8.
t t t t t t
w0 e
1 1 1! / !
M 0 0 0 MWDK AlBs 0 St
o MAY o o MY arPsy® gih g
o MY oo 1 MBSl amPer o gpt
MO 0 1 0 Mg 0 QI
0 M 01 0 MO st o gute)
M0 1 0 Mg 0 s
o MY 01 0 Mg gt
M0 1 0 MG 0 Sy

The LRRM calibration is solved with the following steps:

T2
T3
Ty
Ts5
Tg
Z7
zg

=0 (130)

1. The seven unknowns x5 to x7 which represent the error terms can be eliminated. This

yields two linear equations.
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2. The numerators of these two equations have to be equal to zero:

MO

_ Mglj/(t) Su
//(t)S//(t)

(
— SU)(S
— S (S

)

t m m
— M) Mu( ) (§m)
o M//(t) (S//
t t m
+ MM ><s;;£ )
+ M MM + MO
— SIO) (S

and

(M//(t)M//(t) + M//(t) (M//
_ S// )S//(t)S// t) (S//(o
+ M// )(S//(m

_ S// S//ét

— (§"o) —
M//
= SN

))

- Sm)(Sty

- SIS
- MO -
MM OO (S
S//(t))(S//(O)
(S”(t S” (1) _
=0.

M”(t))(M;':ff) (Sflblio) _ S;/g(gr))(sgét)s//(t) _ (S//(m) _

— SESE S — (S5 = SN (S = Sy +
(SIAD = SEDY Sy = Sy0)) -
(SO = SUDY S — Sy)) + M (~(M S

T o t o

SIS S0 — (SUO — 105 -
— SN (SHDSD — (SI0 = SEON (S ~ Syi0))
SO (S S0 — (S0 — SO) (S -
M) (S -

t)S//(t

051050
S//(t) )) — 0
vy

))(M” M//(t) + M”(t)(M”( T _
S” V) + MO (MO (M) — M) (=M
SIS0 Syt (S
Syt (o) — gy — pir) (S guth) —
DS — (S = ST (S5 = Sy)) +
= SEONSEI S — (8557 = SN (S
M) () = M) (S
= SISV SO (S = Sy -
— SySIN(SEE Sy — (S — S (S8 —
(S — SO (S - SON(SD )

(St —
My (57D Sy
— 5IOY)))

3. S/ and S5 can be replaced by the unknown capacitance C:

10 =

and

S//( ) _

where

(0) ¢/(0) 15(0)
Diy Sox Dz D“) with 57 = ¢lo) 4

D) +
1- DY sy

_ C’é%) S(o)

(0) g/(0) (0)
Dyy Syy" Dy =) 4
1— D( )S( )

with S’ (0) — e

Dy +

) o(o
1—07?95()

1—jwCZ,

() - - JH—=r
S 1+ jwCZ,"

SI10) (5757 —

Sui)

Sys”))

M// t))) (S//

_ S//(r)) + M//(t)M?;/ggt) (ngy(t) (S;/:gm)

SUD) (S5

- (s

- ML (O

S;/J(Co))S//(t)S//(t) (S//(o) _

M// (S//(t S// (t)
t

Syy))

(5 -

12 8@ Cy?

cl sl

i)

Mg (S
1(t) a1 (t) [ Qrr(m)

— (5™

(131)

S//(r))

SO (s

(132)

(133)

(134)

(135)

Here ¢, ) C’(O) and C(O) are cable influences and D', D! D( %) and Déf;) are

x>’

xx

drift influences of the reflection standard 1 (open) measurement at port .

(0)

C?SZ), C'?Sy), C(O) and CE-) are cable influences and Déy), foé), D( °) and Dy are drift
influences of the reflectlon standard 1 (open) measurement at port y
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4. SI and S5 can be replaced by the unknown reflection r,. and rip,:

(r) g!(r) p(r)
Dy Sz Dy with §7(7) = ¢(r) 4
1 DSy

c sl

S = D) +
1-0Wsm

and
(1) ¢/(r) () () g(r) o(7)
510 = D) % with 1) = C11) 1 M
1—DQ%Sy; ]-_CQQST)
where

S(T) = Tre +]r1m
Here "), ¢\ ¢ and ¢!

Tx xrT T x> xTT T
drift influences of the reflection standard 2 measurement at port x.
C@SQ), Cé;), 0352) and Cg%) are cable influences and Déz), Dg),
influences of the reflection standard 2 measurement at port .

vy

5. Sf,fém) can be replaced by the unknown series inductance L:

(m) g/(m) p(m) (m) (m) (x(m)
srm) _ pim) 4 Doz o Do g gitom) _ cm) . G 570
1 DSl L G5

T

and .
_ R+ jwL— 2,

R+ jwL+ 2,

Here C{™, ™ o™ and ¢\ are cable influences and DI, D™, D™ and

rxr

are drift influences of the match measurement at port .

g(m)

6. This finally yields two complex non-linear equations with four scalar unknowns.

") are cable influences and DY), D), DI and D) are

(136)

(137)

(138)

(r) (r) ;
Dyg and D;- are drift

(139)

(140)

T

7. Non-linear optimization yields C, 7., 7, and L. This optimization is independent of the

error terms. The starting values are C =0, r.. = =1, r;, = 0and L = 0.

8. Now all standards are fully known and the QSOLT calibration, see section 3.3, is
to compute the error terms.

3.7 Juroshek Calibration

used

The Juroshek calibration is described in [15]. The following assignment prepares the raw data

measured by the VNA. '
10 ._ M
Finally one can compute a one port calibration, see section 3.1. Where

x is the VNA port where port 1 of the splitter is connected,
y is the VNA port where port 2 or 3 of the splitter is connected,

FEzz is the equivalent source match of port 3 or 2 of the splitter.

(141)
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3.8 LHKM Calibration

The LHKM calibration is described in [16], [17]. This calibration is not fully implemented in
METAS VNA Tools and it’s still under development. At the current state it only supports the
non-leaky error model and not the full-leaky error model.

The following equation describes the in METAS VNA Tools used LHKM calibration model

M//(i)A _B- M//(z‘)CS//(i) + DS//(i) -0 (142)

with
Ap=1 (143)

where M” denotes the switch corrected measured data including noise and linearity influ-
ences. And S” denotes the actual data including the cable stability, connector repeatability
and the drift of the calibration error terms.

The ABCD terms of the LHKM calibration model can be converted to the generic calibra-
tion model. The result will be the error terms E

Eoo E01>
E = 144
(Ew En (144)
with
Ejpy = A™! (145)
Ew = BA™! (146)
E; = A°C (147)
En = BA!C-D. (148)

3.8.1 TRL, LRL, TRM, LRM

The LHKM (TRL, LRL) and LHKM (TRM, LRM) calibrations are described in [17]. These cal-
ibration algorithms and the associated uncertainty propagation can lead to over-determined
linear and quadratic eigenvalue problems. The over-determined non-linear eigenvalue prob-
lem is described in appendix G.
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4 VNA Switched Calibration Model

The Switched VNA Model uses N error terms matrices E for an N-port VNA. One for each
switch position = of the source. The switch terms matrix W and the associated drift V is set
to zero. The Switched VNA Model supports the following calibration types: SOLT, Reflection
Normalization, Transmission Normalization and One Path Two Ports.

4.1 SOLT Calibration
4.1.1 Reflection

m=
> - - -
n

M//

¢ - — — —

<<
=
8

=
g
>

' S/l

=
8
8l

Figure 7: SOLT Reflection Calibration

The following equation describes the cascading of the reflection error terms and the defi-
nition of the calibration standard
x .
‘ " E 75//(1)
M) = Bog + — 5= (149)
1 — EzpSit)
with
T =N +ux. (150)
N is the number of ports and x is the actual port where the reflection calibration is performed.
Equation 149 can be rearranged as

11(%) pa 2 1(2) Q(4) z 5 7 (%)
M, = Epp + Egzz M,V S + | Eoz — EpaEzz | Siy’- (151)
Yi p1 p2

p3
Equation 151 can be written as a system of linear equations
p=Aly (152)
with
LS s
A= 1 MPPsi? s (153)
LS s
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and
Mg/c/ggl)
y=| M@ |. (154)

M//(S)

For example the first measurement could be a short, the second an open and the third a load.
The vector p contains the solution for the error terms.

Ew = m (155)
Faw = 1 (156)
bxj:va‘c = p3+pip2 (157)
Esw = p (158)

xr xr xr X
FE..,. stands for the directivity, F',.z E'z,. denotes the reflection tracking and Ezz designates the
source match term.

4.1.2 Power

For a power calibration the scaling factor of the tracking terms have to be determined.

I I I
I I I

T x z 'z z 'z z 'z T
M — E 4 D ¢ C ¢ S —
I I I I I
—> I I I I
] ” x I’/ ] , ] ]
ay Ezz ). af Dz, af Cix ag Sze = VCOF bg
* > * > * ?
I I I I
I I I I
I Dx I C.~ I I
,, < . < . '
by! by by by !

Figure 8: SOLT Power Calibration

In a first step the reflection coefficient I' of the power sensor is computed using error
correction, see section 2.

In a second step the scaling factor )\, is computed using the receiver values from the VNA,
the indicated power of the power sensor, the calibration factor C'F' of the power sensor, the
error terms and all uncertainty influences. ), is computed for each switch position x of the
source. The following set of equations holds

T

” 7T "

0" = @) Eue + 0] Eaz/Aa (159)
" n T n L

ai = a) Ez) +05 Bz (160)

where
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1 . . . . . . . .
a” denotes the reference receiver value of port x including noise and linearity uncertainties,
" . . . . . . . .
bM” denotes the test receiver value of port  including noise and linearity uncertainties,

aﬁ" denotes the incident wave of the power sensor connected to port = in V/v/k€ including
drift, cable stability, connector repeatability and standard definition uncertainties,

bf" denotes the reflected wave of the power sensor connected to port = in V/vkS2 including
drift, cable stability, connector repeatability and standard definition uncertainties,

|b§|2 denotes the indicated power of the power sensor in mW including all absolute and rela-
tive uncertainties of the power sensor,

xT

E .., denotes the directivity of port x,

xr xr
FE.zFEz, denotes the reflection tracking of port x,

xT

FEzz denotes the source match term of port x,
Az denotes the scaling factor of the tracking terms for the switch position x of the source,
Dyys Dzey Dozy Dzz denote the drift influences of the power sensor measurement at port z,

Cyzy Czay Cozy Czz denote the cable stability and the connector repeatability influences of
the power sensor measurement at port z,

Sze denotes the reflection coefficient I' of the power sensor and

Sz, denotes the square root of the calibration factor v C'F' of the power sensor, see section
6.16.

One can solve equation 159 for b5"

x
MII Ml/
by —a; Ei

by = A (161)
Eza’v
and plug the result into 160
x
" ne bMN — MHE z
ad" = aM Bz + wEii‘/\% (162)
EJJ:E
One can solve the above equation for the scaling factor A, of the tracking terms
SN
Ay = . e — (163)
1 1\/1”_ Af”
aéw Ezp + b:cgix%Eij

The phase of )\, is unknown because the phase of the incident wave of the power sensor af"

is unknown. For further data processing the absolute value of )\, is used, e.g.: average of
multiple power calibrations which finally yields to

n ag//(z)
Aal = Z M7 (i) & pM/ () _ M T /n- (164)
=1 ag o + " O
Eqgz

Michael Wollensack & Johannes Hoffmann Page 26 of 91 December 2020



METAS VNA Tools - Math Reference V2.4.3

4.1.3 Isolation

The isolation between two ports can be measured directly. Note that is is assumed that there

is no drift of the isolation.

ﬁ M//(isol) 165
yxr - yx ( )
y .
E:}:y _ M:/B/Zstol) (1 66)
4.1.4 Transmission
I I
I I
2 PP DU R I
I I
I I
x I I
Ey. I I
7 ............ : ............ x ............ :
Syiv | Eyy |
> ? > !
I I
1! 1! : £ :
sz’ Syy : Y E@@ :
S I I
< ‘ |
I I
Figure 9: SOLT Forward Transmission Calibration
I I I I
I I I I
I =1 I 5 I
N ]zi/) T, g Yy Y % | Y,
I I I I
I I I I
I I I y I
| | Sy | Ey |
I Y > o
I I I I
I I I I
! ok 'YS.  S'A'YE, E !
I T I Tz yy I Yy vy I
| Yy | | Yy |
I Euz I S:;:/y | Ez?y I
< * 7% * < *
[ I Emy I I
I b, < L
I I I I
Figure 10: SOLT Reverse Transmission Calibration
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The following S-parameter matrix describes the transmission standard

‘ 11(%) 11(%)
_AU)::< S 5%%)>. (167)
Syx Syy

The error box of port x is denoted as
x x
E E
with

Z=N+uz (169)

and the error box of port y is denoted as

) y
Y = EW‘?y (170)
Ey? Eyy
with
y=N+y. (171)

Cascading the error box of port « and the thru definition yields a new S-parameter matrix

T

TO =X @ AD, (172)
The same can be done for port y

Yy .. .

TO = A g Y. (173)

The operator ® denotes the cascading of two 2-ports, as described in appendix A.1.3.
One can introduce four new auxiliary variables, which describe the directivity and isolation
corrected measurement of the transmission standard.

T

Spw = M;;/ggthru) . Tg(ﬁtzhru) (1 74)

_ M//(thru) _ % 175

SWC - Yy yr ( )
Y

soy = MY — Eqy (176)
Y

Syy = Mél?gthru) o Tétyhru) (1 77)

Next one can come up with equations for the transmission tracking and the load match of port
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x and y.
E Sa (178)
vy = T T T
S:Ung(/ZLTU) +T§?TU)T§;TU)
x xX
= 1— E,,T(thru)
By = sp—7p —"— (179)
Tétxhru)
Y S
Eas = Y (th @;y thru) &(th (180)
Snyg(ctx ru) + Tg(/x ru) T;y TU)
Yy Y
y 1— E,,T(thru)
E.. = Smy# (181)
Ti(Et?jLTU)
xr
Eyy is the load match of port y,
z N . . . .
E,yEz, is the transmission tracking from port z to port y,
y y . . . .
E .z Ey, is the transmission tracking from port y to port = and
y
FEzz is the load match of port x.
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4.2 Incomplete Calibrations

4.2.1 Reflection Normalization

I

S//

=
I
¢ - ———¢ - - =

v S//

rxr

—_ - — = = = =

Figure 11: Reflection Normalization

The following equation describes the cascading of the error terms and the definition of the
calibration standard

‘ . é 75,//(1')
M) = By + — 5 (182)
1 — Ezz57%)
with
T=N+uzx. (183)
N is the number of ports and x is the actual port where the reflection normalization is per-
formed. Equation 182 can be rearranged as

Bz = .

Su)

(184)

Equation 184 is used for reflection normalization where Em denotes the reflection tracking.

The unknown directivity Em and the unknown source match Em are assumed as multivariate
normal distributions at the origin of the complex plane (0 £...) + (0% .. .)i.
For error correction, equation 182 is rearranged as

' niy 7
S;/iz) _ Mz Eyx ‘ (185)

z z 11(4) z
Ex:?: + E:?:ic M;m;‘ - E:cac
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4.2.2 Transmission Normalization

Figure 12: Transmission Normalization

T
The following equations describe the cascading of the transmission tracking £, the load

T
match Ey; and the definition of the transmission calibration standard

T = 50 4 M (186)
1~ EgySy5)

and N

Ty = E”’i&() (187)
1 - Eg Sy
with

T = N+ (188)
7 = N+uy. (189)

N is the number of ports and z is the source port and y is the receiving port.
x x

In a second step, the cascading of the source match Ez, the crosstalk £, and the results
from equations 186 and 187 are used to compute the raw measured transmission

_ z T//ggi)
M!D =By, + —2 . (190)
’ 1= BgTi

Putting equations 186 and 187 into the above equation 190 yields into

Eyy Sy

T . x . 11(3) (i) ’
(1 - Em;’é”) <1 — Eg (S;’é" + 75?, ;y;ﬁg ))
—HyyPyy

(191)

T

M//(i) _ lz? +
yr T YT
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Equation 191 can be rewritten as

é B S//(z‘)
Yyyryxr
1~ EgySyy” — EzpSus) — EgyErnSys’ Sty + Egy Bz Syy Soy)

M) = By + (192)

Equation 192 can be rearranged as

B,y = ]\%(_)EW (1 — ByySI) — BpSI) — By BapSIOSI0 4 By B 810 s;;;i>> .
" (193)

Equation 193 is used for transmission normalization where ﬁy@ denotes the transmission
tracking. The unknown crosstalk ﬁyx, the unknown source match %m and the unknown load

€T
match Ey; are assumed as multivariate normal distributions at the origin of the complex plane
0+...)+(0x£...).
For error correction, equation 192 is rearranged as

<M;’§,“ - ny> (1 - f@ﬁ{,’ﬁ) <1 - EmS;’S)>
Sg(z’) _ . (194)

z T T . T Tz =z .
Eyy + <Mz,lflfr(:l) - Eyoc) EgyE3:8%)

The unknown S-parameters of the DUT st Sg(fy) and 3353) in equation 194 are assumed as
multivariate normal distributions at the origin of the complex plane (0+ 1)+ (0 £ 1) for k = 2.

The uncertainties are computed with linear uncertainty propagation. This leads to a well
known problem for linear propagation of uncertainties. Multiplying two quantities with value
zero and uncertainties larger than zero yields zero with zero uncertainty. Using Monte-Carlo
uncertainty propagation yields a value of zero and an uncertainty of the product of the un-
certainties of the two input quantities. This is only valid as long the input quantities are not
correlated.

To overcome this problem the linear uncertainty propagation has been extended with the
following function

(0xu(c)) = multiplyOby0 ((0 £ u(a)), (0 £u(b))) (195)
= (0ftu(axb)). (196)

T . x .
The above function is used when multiplying E5;Sey” and Ez3Sas” of equation 194. Like that,
the error corrected transmission s;,’y) of the DUT depends as well on the unknown source
match, unknown load match and the unknown S-parameters of the DUT.

T T .
The second term E@@EmSZZ(]) of the denominator of equation 194 can be neglected be-
cause it’s very small. This finally yields to

‘ M//(z) . i% > 4 - '
Sili) o LT <1 — multiplyOby0 <Em-,, s;;p)) (1 — multiplyOby0 (Em S;’;Z))) .
E Y

<

(197)
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4.2.3 One Path Two Ports Calibration

s I I
|
|
|
|

= |
|

Sg,//x EZJTJ I

Y

Figure 13: One Path Two Ports Calibration

X x X
In a first step, the reflection error terms E .., F.z and Ezz are computed using a reflection
calibration, see section 4.1.1.

In a second step, the the transmission error terms ]yEyz;, and Em—, are computed using a
forward transmission calibration, see section 4.1.4. The S-parameters of the transmission
standard definition S, S{,'g(f), S;’l(,i) and S;,’ZS” need to be fully known.

For error correction, see appendix B.3. The unknown reverse S-parameters of the DUT
Sg(fy) and Sl(jz) are assumed as multivariate normal distributions at the origin of the complex

plane (0 + 1) 4+ (0 £ 1)i for k = 2.
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5 VNA Optimization Calibration

For the optimization calibration [19] the optimizer computes the switch and calibration error
terms and the unknown terms of the calibration standard definitions for an over-determined
calibration. It uses an optimization algorithm for the VNA measurement model. The following
equation describes the in METAS VNA Tools used N-port VNA measurement model, see
section 2.

MO =R+ [(W+ VD) e [Ee DD e [cesO]]]] (198)
The inverse function of the above equation can be used for error correction.

s — H[(MU - R“’)) o (W + V(“ﬂ o E} o D“’)} e cl) (199)
The optimizer minimizes the following objective function for all measurements.

HH(M() - R@')) S (W n V“)ﬂ S E] o D@} S c<i>} 0 (200)
5.1 Weighting

The following equation describes the objective function f where X are the variable optimiza-
tion parameters and P are the constant optimization parameters.

F=f(X,P) (201)

5.1.1 Covariance Weighting

For the weighting of the optimization problem the covariance of the objective function can be
used.

Cr=JppCpJyp (202)
The optimization problem is described with the following expression.
in (FCL'F’ 203
ain (FCL'F) (203)
One can introduce G = FWp, then the optimization problem becomes
in (GG’ 204
anin (GG) (204)

where the weights W are computed from the covariance of the objective function Cr using
the Cholesky decomposition and the inverse of a triangular matrix.
5.1.2 User-Defined Weighting

Using user-defined weights W, changes the objective function to
G =FWy. (205)

5.2 Uncertainty Propagation

The Jacobi matrix X to P at the point of the solution is described with the following equation.

—1
Ixp=JoxJax) JoxIar (206)
It can be used for the uncertainty propagation.
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6 VNA Calibration Standard

6.1 Agilent Model Standard
The Agilent model standard is described in [20].

Z, Z,
' L ' T
| |
lLZ’D’L’ 2i1 ZorY
| 0= |
| |
| |
S | T |
—> —>

Figure 14: Agilent Model Standard

The S-parameters of an Agilent model reflection standard are defined by the following
equation where L is the transmission line section and T is the reflection part.

S=La&T (207)

The coaxial transmission line section is computed with the following two equations. Where Z;,
is the Offset Z0 in Ohm, D’ is the Offset Delay in s and L’ is the Offset Loss in Ohm/s.

L/

Nl = jwD <1+(1—j) L / ) (209)

2wZ) V 1GHz

The waveguide transmission line section is computed with the following equation. Where
Lo is the vacuum permeability, € is the vacuum permittivity, f. is the cutoff frequency and h/w
is the height to width ratio.

QhL

A =D L’,/eoer\/; ? +jonf 1—<§?) (210)

For computing the S-parameters of a transmission line section see section A.3. Where Z,
is the reference impedance, Z; is the characteristic impedance and ~! is the propagation
constant times the length.

6.1.1 Short

The reflection part of a short standard is defined by the following equations.

Lepp = Lo+ Lif + Lof? + Lsf? (211)

Michael Wollensack & Johannes Hoffmann Page 35 of 91 December 2020



METAS VNA Tools - Math Reference V2.4.3

Z = jwLess (212)
Z— 7,

T = 213

n=o (213)

For an offset short the transmission line section is cascaded to the reflection part.

6.1.2 Open

The reflection part of a open standard is defined by the following equations.

Cepp = Co+C1f +Cof? + Caf? (214)
Y :ij’eff (215)
1-2Y
e A 216
R E AL (216)

For an offset open the transmission line section is cascaded to the reflection part.

6.1.3 Load
In the Agilent model a load has no reflection.

Ti1 =0 (217)

6.1.4 Delay/ Thru
The S-parameters of a Delay / Thru are equal to the S-parameters of the line section.

S=L (218)

6.2 Anritsu and Rohde Schwarz Model Standard

These model standards are similar to the Agilent model standard except the line section. The
Offset Z0 Z|, is set to the reference impedance.
The Offset Length D" is defined in m.

Dc
Ver

Where D’ is the Offset Delay in s, ¢ = 299792458 m/s is the speed of light and ¢, = 1 is the
relative permittivity.
The Offset Loss L” is defined in dB/v/GHz.

D// —

(219)

D'r’
Zy
Where Z; is the Offset Z0 in Ohm, D’ is the Offset Delay in s and L’ is the Offset Loss in
Ohm/s.

L" = 8.6859

(220)
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6.3 Databased Standard

The S-parameters of a databased standard are explicitly stated for each data point.

6.4 Ideal Standard

Table 2 shows the S-parameters for ideal standards.

Table 2: Ideal Standards

Standard S-parameter
Ideal Short S=(-1)
Ideal Open S=(1)
Ideal Load S=(0)
0 1
Ideal Thru S = ( 1 0o >
. 0 0
Ideal Isolation S = < 0 0 >
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6.5 Unknown Standard

Table 3 shows the S-parameters for unknown standards.

Table 3: Unknown Standards

Standard S-parameter

)

Unknown Reflection

<

Unknown Reflection 2 me 7471/ ) with |m| < 1and ! > 0

(

=
(1)
(3 5)
()
-

s=(1

5= (

Unknown Thru

Unknown Isolation

Unknown Line

Unknown Line 2

e .
7l >W|th vl = g1 %—I—gg%

R+jwL—2Z,

€
Unknown Series Inductance RijwliZ. ) with L =7

Unknown Capacitance ngg? ) with C =7and C > 0
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6.6 Primary Airline Standard

The S-parameters of a primary airline standard are defined by the following equation
S=00K;®C1 &L ®P® Ly ® Ca @ Koy @ O°L. (221)

O denotes the line shift, see section 6.6.1.

K denotes the kapton or adapter effect on port 1.

C; denotes the half connector of the standard at port 1.

L; denotes the half of the line section on port 1 side.

P denotes a section of ideal line, see section 6.6.2.

Lo denotes the half of the line section on port 2 side.

C2 denotes the half connector of the standard at port 2.

K> denotes the kapton or adapter effect on port 2.

6.6.1 Line Shift
The S-parameters of the line shift are defined by the following equation

0 efj%lshift
o-( .5 (222)
e

<o shift O

where f is the frequency, cg is the speed of light and I, ; is the shift length. The line shift
section has to be used when the center conductor of the device of test protrudes into a test
port.

If the reference plane at port 1 of the standard definition is behind the calibration reference
plane (this means towards the VNA) then the value is negative. For the opposite shift it would
be positive and for no shift it is zero.

6.6.2 Propagation Constant

The following equation describes the propagation constant

_ f f
=99\ 1o T TaE (223)

g1, g2 are the unknown parameters and f is the frequency. The resulting line section is defined

by the following equation
0 e
P= ( RN > . (224)
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6.7 Primary Offset Short Standard

The S-parameters of a primary offset short standard are defined by the following equation
S=Ki19C;¢oLi1oPaL,aT. (225)

K denotes the kapton or adapter effect on port 1.

C, denotes the half connector of the standard.

L, denotes the half of the line section on the connector side.

P denotes a section of ideal line, see section 6.6.2.

Lo denotes the half of the line section on the side of the short plane.

T denotes the short plane, see section 6.7.1.

6.7.1 Short Plane

The short plane is defined by the following equations

_ [ f f
Z=atz 1GHZ+231GHZ (226)

Z—Z
- Z+ 7,
where z1, 23, z3 are the unknown parameters, f is the frequency and Z, is the reference
impedance.

Tu (227)

6.8 Primary Flush Short Standard

The S-parameters of a primary flush short standard are defined by the following equation
S=C18T. (228)
C1 denotes the half connector of the standard.

T denotes the short plane, see section 6.7.1.
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6.9 Waveguide Shim Standard
The S-parameters of a waveguide shim standard are defined by the following equation
S=0:C1 D3 Cs 3P Os. (229)

O denotes the effect related to the offset (vertical and horizontal) of the waveguide connector
at port 1, see section 6.9.2.

C; denotes the half connector of the standard at port 1, see section 6.9.1.
D denotes the shim, see section 6.9.3.
C. denotes the half connector of the standard at port 2, see section 6.9.1.

O> denotes the effect related to the offset (vertical and horizontal) of the waveguide connector
at port 2, see section 6.9.2.

6.9.1 Waveguide Connector

The S-parameters of the waveguide connector are computed using a transmission line junc-
tion, see appendix A.2. The impedances of the test port Z; and of the calibration standard Z,
are defined by the following equations

2
7 — j2m (230)
71
2
Zy = jEmIK (231)
72

where f is the frequency, i the permeability and ~ the propagation constant of the waveguide
section, see section 6.9.4.

6.9.2 Waveguide Connector Offset

The S-parameters of the offset (width and height) of the waveguide connector are based on a
look up database which has been computed using COMSOL. The following limitations exist:

» The offset in direction of the width has to be between 0% and 3.1496 % (corresponds
to 80 um in WR10) of the nominal width.

* The offset in direction of the height has to be between 0% and 6.2992 % (corresponds
to 80 um in WR10) of the nominal height.

» The width height ratio has to be between 2 and 2.5.

6.9.3 Shim

The shim section is defined by the following equation

0 e
D= < ey 60 ) (232)

where [ is the length of the shim section and ~ is the propagation constant, see section 6.9.4.
The unknown parameters in an optimization calibration are the length [ and the conductivity
opc, which is used to compute the propagation constant ~.

Michael Wollensack & Johannes Hoffmann Page 41 of 91 December 2020



METAS VNA Tools - Math Reference V2.4.3

6.9.4 Gamma

The propagation constant of a rectangular waveguide is described in [20]. The following equa-
tions are needed:

= — 2
o opC ~ OHF\| TG, (233)
B 2
o, mmr -
h
Co 2
= -~ 235
70 (2% ! ﬁ) (235)
2 r
Co
T2 = V1—2x (237)
mfpo
- g 238
T3 h ( )
z = 9 (239)
Ho
2h
x5 = 1+ —uxp (240)
We
y o= DT . (241)
T2

1 and e are permeability and permittivity. The waveguide section is characterized by his
conductivity cpc and o p. The frequency is f. Width w, height h and radius r describe the
geometry of the waveguide section.

6.10 Waveguide Offset Short Standard

The S-parameters of a waveguide offset short standard are defined by the following equation

S=0,9C;®DaT. (242)

O denotes the effect related to the offset (vertical and horizontal) of the waveguide connector
at port 1, see section 6.9.2.

C; denotes the half connector of the standard, see section 6.9.1.
D denotes the shim, see section 6.9.3.

T denotes the short plane, see section 6.10.1.

6.10.1 Short Plane

The short plane is defined by the following equations
_ [ f f
Z=xn+z 1 GHz + 28 1 GHz (243)
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(244)

where z1, z2, z3 are the unknown parameters, f is the frequency and Z,. is the reference
impedance.

6.11 Waveguide Flush Short Standard

The S-parameters of a waveguide flush short standard are defined by the following equation
S=T. (245)

T denotes the short plane, see section 6.10.1.

6.12 Simple Line Standard

The distributed admittance is computed with the following equation
Y =G + jwC’ (246)

where G’ and C’ are specified by the user per frequency point. The transmission line section
is computed with the following two equations

= (:m/a +jx2(°j¢a) z (247)
0
Zo = % (248)

where [ is the length of the line, ¢ is the speed of light, ¢, is the relative permittivity and z1,
xo are the unknown parameters for each frequency. For computing the S-parameters of a
transmission line section see section A.3.

6.13 On Wafer Line Standard

The start values for the characteristic impedance Z, and the propagation constant +' are
computed using the Heinrich model which is described in [21].

The equations 8, 17 and 18 from the Heinrich model [21] are modified according to the
1993 version of his FORTRAN code [22], which take into account results of his work obtained
after the paper [21] went to print.

Wer 1= werV2 (249)
2

F .= <1 ~0.1 (%) ) (250)
2

F9 .= pl9 (1 ~0.1 (%) ) (251)
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The distributed admittance is computed with the following equation.

/

~
Y' = Z,} (252)
The transmission line section is computed with the following two equations
~yl = (a:l + Re (7') + jxo Im (fy’)) l (253)
Y
Zy = vi (254)

where [ is the length of the line and =1, x2 are the unknown parameters for each frequency.
For computing the S-parameters of a transmission line section see section A.3.

6.14 On Wafer Offset Short Standard

The S-parameters of an on wafer offset short standard are defined by the following equation
S=LeT. (255)

L denotes the offset line section, see section 6.14.1.

T denotes the short plane, see section 6.14.2.

6.14.1 Offset Line Section

The characteristic impedance Z, and the propagation constant - of the offset line section are
computed using the Heinrich model which is described in [21]. The equations 8, 17 and 18
from the Heinrich model [21] are modified, see section 6.13. The length [ is the unknown
parameter. For computing the S-parameters of a transmission line section see section A.3.

6.14.2 Short Plane

The short plane is defined by the following equations

_ | f
Z=a+2 1GHZ+Z31GHZ (256)

(257)

where z1, 23, z3 are the unknown parameters, f is the frequency and Z, is the reference
impedance.

6.15 On Wafer Flush Short Standard
The S-parameters of an on wafer flush short standard are defined by the following equation
S=T. (258)

T denotes the short plane, see section 6.14.2.
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6.16 Power Sensor Standard

The power sensor standard is described as a two-port using S-parameters, see figure 15

| |

| |

¢ p S p &

I I

I I

I I

| Spp=VCF |
a,p ?——»——T b—

I I

I I

LYSy, =T 0A

I I

I 0 I
bp +——(——* ap

Figure 15: Power sensor standard

where

Syp denotes the reflection coefficient I' of the power sensor,

S5, denotes the square root of the calibration factor v/C'F of the power sensor,
a, denotes the incident wave in V/v/k,

b, denotes the reflected wave in V/vkQ,

la,y|? denotes the incident power in mW and

bp|> denotes the indicated power in mW.

The following concept is proposed to map power sensor measurements with the VNA: An N-
port VNA is extended by further N logical ports. As a difference to a physical port p the logical
port p has no error network associated with it. For measurements, a power sensor, described
as a two-port device, is inserted between a physical port and a logical port. Each physical
port p has a corresponding logical port N + p.
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7 VNA Uncertainty Contributions

Tables 4, 5, 6, 7 and 8 show the uncertainty input ids.

7.1 Noise and linearity
The noise influence is uncorrelated for each measurement because it's a random effect. The
linearity influence is correlated for each measurement because it's a systematic effect.

| |
| |
I I I I
51_ M‘ | |
| | | |
I 2 N+21 | |
t f{ | |
| | | |
| | | |
I N aN | | |
 cam— — ¢ I I
| | I La I
| | | Np |
| | | H |
S oYy
ap ¢ > ?dp ap ¢ > *dp
I I I I
| | | |
Iy NL OA ! I ¢ NLb [
| T PP | | P |
I NH T, I I NHbpp I
M| p.p PP 12 M M| p p | M
b, ¢ < +0, by ¢ +0,
I I I I
| Nq]jpv | | |
| | | |
M| 1 M M | 1 M’
Clq | | Clq aq | | CLq
| | | |
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| | | +Nqu |
| | | |
H Hbr1b
| NE L | | NA°L |
q,p—~aq,p ’ q q /
b)! e s b} il e < s b}’

Figure 16: Noise and linearity influences (left: S-parameters, right: receivers)

Uncertainty definition:

NE = () + NE2Y /(al? + NE*) — b3 Jab! is the noise floor in dB (add.) of source port p.
NE, = (0} + N/ (a)' + NEo) — b3 /ad! is the noise floor in dB (add.) from port p to .
N} = NP /NHe is the trace noise in dB and deg (multiplicative) of source port p.

N = NHb /NIe is the trace noise in dB and deg (multiplicative) from port p to g.

L,y = Lg/Lg is the linearity in dB and deg (multiplicative) of source port p.

Lyp= LZ/L; is the linearity in dB and deg (multiplicative) from port p to q.
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7.2 Drift of switch and error terms

The structure of D can but must not be a copy of E. The drift influence D is acting on
corrected S-parameters. Those the specification of D should be for the drift of the corrected

S-parameters.

The individual drift contributions for the switch and error terms are uncorrelated for each
measurement. The single drift terms are partly correlated over time. E.g.: the drift in directivity
of a measurement ¢ and ¢ + 1 are partly correlated whereas there is no correlation between
directivity and tracking drift.

P
I W/ I I I
I I I I
' Ni1lo1 Ni1lo1 Ntt!
I I I I
12 N421 2 N421 2 N+21
P P » »
R T o [
I I I I
I N 2N | N 2N | N 2N |
 Ga— * * —*
I I I
I I I
I I 5 I
I I Dp I
* *
I I I
I I I
I I D I
I I Dy I
I I T /NS I
i Dp /Dp L
T < 1
I I
I I
[ DS [
| q
I I
I I
I I
| Dg) Déw |
I I
| DI/D3 |
. < .

Uncertainty definition:

Figure 17: Drift of switch and error terms

V, s the switch term drift in dB (additive) of port ¢ when p is the source port.

D]? is the directivity drift in dB (additive) of port p.

Dg is the tracking drift in dB and deg (multiplicative) of port p.

Df is the symmetry drift in dB and deg (multiplicative) of port p.

D) is the match drift in dB (additive) of port p.

Michael Wollensack & Johannes Hoffmann

December 2020



METAS VNA Tools - Math Reference V2.4.3

7.3 Cable stability, connector repeatability and DUT uncertainty

The cable influences are uncorrelated for each new cable position. The connector influences
are uncorrelated for each new connection. The DUT influences are uncorrelated for each new
DUT index.

| |
| | | | _
1 3 1 3 1 3
A Cable f Conn. f —*—*I P :
I I DUT I I
: 2 4 : 2 Une 4 : q :
f Conn. f —*—*I d |
| | | |
| | | |
[ RT [ 1 [ [
é
|
|
! R
I bl
|
|

e )

- ————— 9

Figure 18: Cable stability, connector repeatability and DUT uncertainty

Uncertainty definition:

Cly, O, is the cable reflection stability in dB (additive) of port p.

C, s the cable transmission stability in dB and deg (multiplicative) of port p.
CE is the cable symmetry stability in dB and deg (multiplicative) of port p.
RR

1) RﬁQ is the connector reflection repeatability in dB (additive) of port p.

Rg is the connector transmission repeatability in dB and deg (multiplicative).
Ulfz is the DUT reflection uncertainty (additive) of port p.

Ug:q is the DUT transmission uncertainty (additive) from port ¢ to p.

The DUT uncertainty can be used to represent the crosstalk in on-wafer measurements. In this
case the DUT uncertainty is uncorrelated for every standard on the wafer and it’s correlated
for multiple measurements of the same standard.
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Table 4: Uncertainty Input IDs

Unc Contribution Global ID Influence Reserve Version Counter
128 bit 16 bit 8 bit 8 bit 63—48 bit 47-40 bit 39-32bit 31-—1 bit 0 bit
Unknown Random ID  0x0000 0x00 0x00 0x0000 0x00 0x00 0x00000000 0
CMC Entry CMC ID 0x0001 0x00 0x00 Random ID Rcv Port  Src Port  Freq RI
CMC Entry CMC ID 0x0002 0x00 0x00 Random ID Rcv Port  Src Port  Freq MP
VNA Exp Statistical Journal ID  0x0008 0x00 0x00 Meas Count  Rcv Port  Src Port  Freq RI
Journal ID  0x0008 0x00 0x01, 0x02 Meas Count  Contribution Freq 0
Journal ID  0x0008 0x00 0x03 Meas Count  0x00 Ref Rcv  Freq 0
VNA Exp Systematic Journal ID  0x0009 0x00 0x00 Exp Count Rcv Port  Src Port  Freq RI
Journal ID  0x0009 0x00 0x01, 0x02 Exp Count Contribution Freq 0
Journal ID  0x0009 0x00 0x03 Exp Count 0x00 Ref Rev  Freq 0
VNA Noise Floor Journal ID  0x0011 0x00 0x00 Meas Count  Rcv Port  Src Port  Freq RI
VNA Noise Floor Journal ID  0x0011 0x00 0x01 Meas Count SwtPort 0 Freq RI
VNA Noise Floor Journal ID  0x0011 0x00 0x02 Meas Count 0 Ref Rev  Freq RI
VNA Noise Trace Journal ID  0x0012 0x00 0x00 Meas Count  Rcv Port  Src Port  Freq MP
VNA Noise Trace Journal ID  0x0012 0x00 0x01 Meas Count  SwtPort 0 Freq MP
VNA Noise Trace Journal ID  0x0012 0x00 0x02 Meas Count 0 Ref Rcv  Freq MP
VNA Linearity VNA ID 0x0020 0x00 0x00 100(p + 320) Rcv Port  0x00 0x00000000 MP
VNA ID 0x0020 0x00 0x01, 0x02 0x0000 Rcv Port  0x00 10%(p + 1000) MP
VNA ID 0x0020 0x00 0x03 0x0000 Swt Port  0x00 108(p +1000) MP
VNA ID 0x0020 0x00 0x04 0x0000 Ref Rev  0x00 105(p 4+ 1000) MP
VNA Drift Switch Term | Journal ID  0x0031 0x00 0x00, 0x01, 0x02, 0x03 Meas Count  Port 0x00 Freq RI
VNA Drift Directivity Journal ID 0x0032 0x00 0x00, 0x01, 0x02, 0x03 Meas Count Port 0x00 Freq RI
VNA Drift Tracking Journal ID  0x0033 0x00 0x00, 0x01, 0x02, 0x03 Meas Count  Port 0x00 Freq MP
VNA Drift Match Journal ID  0x0034 0x00 0x00, 0x01, 0x02, 0x03 Meas Count  Port 0x00 Freq RI
VNA Drift Isolation Journal ID  0x0035 0x00 0x00, 0x01, 0x02, 0x03 Meas Count Rcv Port  Src Port  Freq RI
VNA Drift Symmetry Journal ID  0x0036 0x00 0x02, 0x03 Meas Count  Port 0x00 Freq MP
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Table 5: Uncertainty Input IDs cont.

Unc Contribution Global ID Influence Reserve Version Counter

128 bit 16 bit 8 bit 8 bit 63—48 bit 47-40 bit 39-32bit  31-1 bit 0 bit
Cable Transmission Journal ID  0x0040 0x00 0x00 Cable Pos Port 0x00 Freq MP
Cable Reflection Journal ID  0x0041  0x00 0x00 Cable Pos  Port CE,CE  Freq RI
Cable Symmetry Journal ID  0x0042 0x00 0x00 Cable Pos Port 0x00 Freq MP
Connector Reflection Journal ID  0x0050 0x00 0x00 Conn Count  Port R1, Ro Freq RI
Connector Transmission Journal ID  0x0051 0x00 0x00 Conn Count  Port 0x00 Freq MP
DUT Uncertainty Journal ID  0x0058 0x00 0x00 DUT Index Rcv Port  Src Port  Freq RI
Cal Std Short CalStdID  0x0061 0x00 0x00 0x0000 0x00 0x00 0x00000000 MP
Cal Std Open CalStdID  0x0062 0x00 0x00 0x0000 0x00 0x00 0x00000000 MP
Cal Std Load CalStdID  0x0063 0x00 0x00 0x0000 0x00 0x00 0x00000000 Rl
Cal Std Thru / Delay Refl. CalStdID  0x0064 0x00 0x00 0x0000 0x00 0x00 0x00000000 Rl
Cal Std Short Cal StdID  0x0061 0x00 0x01 Frequency (mHz) MP
Cal Std Open Cal Std ID  0x0062 0x00 0x01 Frequency (mHz) MP
Cal Std Load CalStdID  0x0063 0x00 0x01 Frequency (mHz) RI
Cal Std Thru / Delay Refl. CalStdID  0x0064 0x00 0x01 Frequency (mHz) RI
Cal Std Thru / Delay Trans. Cal StdID  0x0065 0x00 0x01 Frequency (mHz) MP
Agilent Unc Calculator Random ID  0x0071 0x00 0x00 0x0000 Rcv Port  Src Port  Freq RI
Agilent Unc CITI File RI Data ID 0x0072 0x00 0x00 0x0000 Rcv Port  Src Port  Freq RI
Agilent Unc CITI File MP Data ID 0x0073 0x00 0x00 0x0000 Rcv Port  Src Port  Freq MP
Unknown VNA Directivity Journal ID  0x0078 0x00 0x00 0x0000 Port 0x00 Freq RI
Unknown VNA Refl. Tracking Journal ID  0x0079 0x00 0x00 0x0000 Port 0x00 Freq MP
Unknown VNA Source Match | Journal ID  0x007A  0x00 0x00 0x0000 Port 0x00 Freq RI
Unknown VNA lIsolation Journal ID  0x007B 0x00 0x00 0x0000 Rcv Port  Src Port  Freq RI
Unknown VNA Trans. Tracking | Journal ID ~ 0x007C 0x00 0x00 0x0000 Rcv Port  Src Port  Freq MP
Unknown VNA Load Match Journal ID  0x007D 0x00 0x00 0x0000 Rcv Port  Src Port  Freq RI
Unknown S-Parameters Journal ID  0x0080 0x00 0x00 Meas Count Rcv Port  Src Port  Freq RI
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Table 6: Uncertainty Input IDs cont.

Unc Contribution Global ID Influence Reserve Version Counter
128 bit 16 bit 8 bit 8 bit 63—48bit 47-40 bit 39-32bit 31-1 bit 0 bit

Electrical Resistance Random ID 0x0093 0x00 0x00 0x0000 0x00 0x00 Contribution

TD Unknown DC Point Random ID 0x0100 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
TD Unknown Frequency Point Data ID 0x0101 0x00 0x00 Frequency (mHz) RI
Data Set Data ID 0x0200 0x00 0x00 Freq Contribution
Material Parameter Length Data ID 0x0300 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Material Relative Permittivity Cal Std ID  0x0400 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Material Relative Permeability Cal Std ID 0x0401 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Material Conductivity Cal Std ID  0x0402 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Material DC Conductivity Cal Std ID 0x0403 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Material HF Conductivity Cal Std ID 0x0404 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Material Tan Delta Cal Std ID 0x0405 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Conn Pin Depth Cal Std ID 0x0410 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Pin Gap Cal Std ID 0x0411 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Female Outer Chamfer Cal Std ID 0x0412 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Female Inner Chamfer Cal Std ID 0x0413 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Male Outer Chamfer Cal Std ID 0x0414 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Male Inner Chamfer Cal Std ID 0x0415 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Male Pin Diameter Cal Std ID 0x0416 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Female Hole Diameter Cal Std ID 0x0417 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Outer Conductor Diameter Cal Std ID 0x0418 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Male Center Conductor Diameter Cal Std ID 0x0419 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Female Hole Length Cal Std ID 0x0420 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Female Center Conductor Diameter | Cal Std ID 0x0421 0x00 0x00 Port 0x00 0x00 0x00000000 O
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Table 7: Uncertainty Input IDs cont.

Unc Contribution Global ID  Influence Reserve Version Counter
128 bit 16 bit 8 bit 8 bit 63—-48bit 47-40 bit 39-32bit 31-1bit 0 bit

Conn Female Slot Length Cal Std ID  0x0430 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Female Slot Width Cal StdID  0x0431 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Female Slot Chamfer Cal StdID  0x0432 0x00 0x00 Port 0x00 0x00 0x00000000 O
Conn Uncompressed Mid Finger Diameter | Cal Std ID  0x0441 0x00 0x00 Port 0x00 0x00 Pos Index 0
Conn Compresseed Mid Finger Diameter | Cal StdID  0x0442 0x00 0x00 Port 0x00 0x00 Pos Index 0
Conn Outer Diameterin Finger Sections Cal Std ID  0x0443 0x00 0x00 Port 0x00 0x00 Pos Index 0
Connector FDTD Real Cal StdID  0x0450 0x00 0x00 Port 0x00 0x00 0x00000000 O
Connector FDTD Imag Cal Std ID  0x0451 0x00 0x00 Port 0x00 0x00 0x00000000 O
Pin Gap FDTD Real Cal StdID  0x0452 0x00 0x00 Port 0x00 0x00 0x00000000 O
Pin Gap FDTD Imag Cal StdID  0x0453 0x00 0x00 Port 0x00 0x00 0x00000000 O
Standard Length Cal StdID  0x0460 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Line Length Cal Std ID  0x0461 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Line z Position Cal StdID  0x0462 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Line ICOD Cal StdID  0x0463 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Line OCID Cal StdID  0x0464 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Line Attenuation Constant Cal Std ID  0x0470 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Line Phase Constant Cal StdID  0x0471 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Short Plane ICOD Cal StdID  0x0480 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Short Plane OCID Cal StdID  0x0481 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Misc Line Shift Cal Std ID  0x0490 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
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Table 8: Uncertainty Input IDs cont.

Unc Contribution Global ID  Influence Reserve Version Counter
128 bit 16 bit 8 bit 8 bit 63-48Dbit 47-40 bit 39-32bit 31-1bit 0 bit

Waveguide Length Cal Std ID  0x0500 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Waveguide Width Cal Std ID  0x0501 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Waveguide Height Cal Std ID  0x0502 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Waveguide Radius Cal Std ID  0x0503 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Waveguide Width Offset Cal Std ID 0x0504 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Waveguide Height Offset Cal Std ID  0x0505 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Waveguide Connector FEM Cal Std ID  0x0506 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Simple Line Length Cal Std ID  0x0600 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Simple Line G Cal Std ID 0x0601 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
Simple Line C Cal Std ID 0x0602 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
On Wafer Length Cal Std ID 0x0610 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
On Wafer Width of Ground Conductor | Cal StdID  0x0611 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
On Wafer Width of Signal Conductor | Cal StdID  0x0612 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
On Wafer Gap Width Cal Std ID 0x0613 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
On Wafer Conductor Thickness Cal Std ID 0x0614 0x00 0x00 0x0000 0x00 0x00 0x00000000 O
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Table 9: Uncertainty Input IDs cont.

Unc Contribution Global ID  Influence Reserve Version Counter
128 bit 16 bit 8 bit 8 bit 63-48 bit 47-40 bit 39-32bit  31-1 bit 0 bit

Power Sensor Reflection Coefficient Cal Std ID  0x0700 0x00 0x01 Frequency (mHz) RI
Power Sensor Calibration Factor Cal Std ID  0x0701 0x00 0x01 Frequency (mHz) 0
Power Sensor Exp Statistical Journal ID  0x0708 0x00 0x00 Meas Count  0x00 0x00 Freq 0
Power Sensor Exp Systematic Journal ID  0x0709 0x00 0x00 Exp Count 0x00 0x00 Freq 0
Power Sensor Measurement Noise Journal ID  0x0710 0x00 0x00 Meas Count  0x00 0x00 Freq 0
Power Sensor Zero Offset Journal ID  0x0711 0x00 0x00 Zero Count  0x00 0x00 0x00000000 0
Power Sensor Zero Drift Journal ID  0x0712 0x00 0x00 Meas Count  0x00 0x00 Freq 0
Power Sensor Aging Freq Correlated Cal Std ID  0x0720 0x00 0x00 0x0000 0x00 0x00 0x00000000 0
Power Sensor Aging Freq Uncorrelated | Cal Std ID  0x0721 0x00 0x01 Frequency (mHz) 0
Power Sensor Drift Freq Correlated Journal ID  0x0722 0x00 0x00 0x0000 0x00 0x00 0x00000000 0
Power Sensor Drift Freq Uncorrelated Journal ID  0x0723 0x00 0x00 0x0000 0x00 0x00 Freq 0
Power Sensor Linearity Cal Std ID  0x0724 0x00 0x00 0x0000 0x00 0x00 10%(p 4+ 1000) 0
Power Sensor Power Meter Cal Std ID  0x0725 0x00 0x00 0x0000 0x00 0x00 10%(p +1000) 0
Power Sensor Repeatability Journal ID  0x0726 0x00 0x00 Conn Count  Port 0x00 Freq 0
Power Sensor Temperature Journal ID  0x0727 0x00 0x00 Meas Count  0x00 0x00 Freq 0
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A S-Parameter Tools

A.1 Cascading

Cascading of two S-parameter sets is described in [23] and [24].

A.1.1 Cascading of a 2N-Port and a N-Port

|
|
| |

1 N+1, 1
| |

I 2 N+21 2
! T

| A | B

| |

I N oN | N
) G *
| |
| |
| |
C | B |
— —»

Figure 19: Cascading of a 2/N-port (A) and a N-port (B)

One can use the following equation to cascade a 2/N-port and a N-port. The result will be
the N-port C

C=Ap+An (I-BAj;) 'BAy (259)
with
Ao Ap >
A= . 260
< Ayp Anp (260)

The variables A, B and C are S-parameter matrices. A is a 2IN-port and B is a N-port. A
simplified notation can be achieved by introducing a new operator

C=A9B. (261)
To find the reverse function, equation 259 can be rewritten as
Ay (C—Ag)A) =I-BA;) 'B. (262)

Setting
X = Ay (C—Ag) Ajg (263)

and rearranging equation 262 yields
B=X(I+A;X)". (264)

Equations 263 and 264 can be used to de-cascade the 2/N-port A from N-port C and to
obtain the N-port B. Similar to the notation in equation 261 a new operator can be introduced

B=COA. (265)

Michael Wollensack & Johannes Hoffmann Page 55 of 91 December 2020



O

METAS VNA Tools - Math Reference V2.4.3

A.1.2 Cascading of a 2-Port and a N-Port

¢ - — —

| |
| |
I1I 1
| | |
Il p 1 1 A 2‘:’})
| | |
| | |
I N | N
T T T
| | |
| | |
| | |
C | | B |
—» I —»
|

Figure 20: Cascading a of 2-port (A) and a N-port (B)

Cascading of a 2-port and a N-port can be computed with

Cz'j =

A21Bij A2

Au+ 14,08,

A21Bi;
1—A25B,,
B;; A2
1—-AssB D

 Aogo B;
.. pJ p
BZ] + 1—Ag2Bpyp

yi=J=0p
JiFEPANT =D
Ji=pANJFED

AFDPNJFPNLFE]

(266)

Here the variables A, B and C denote S-parameter matrices. The result C is a N-port with a
2-port cascaded to port p of the original N-port B.

A.1.3 Cascading of a 2-Port and a 2-Port

¢ - — —

1 2 1 2
— 1 A B |-
| | |
| | |
| | |
| A21 | B21 |
. > . >
| | |
| | |
: YA AxA : YBi1 BxnA :
: Al : By :
—<¢ * < *
| |

Figure 21: Cascading of a 2-port (A) and a 2-port (B)
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A special case of cascading is a 2-port and a 2-port. Equation 266 can be rewritten as

A1 B11A12
C = A+ 267
11 Ut T A By (267)
Ag1 Bay
= e 268
Co1 1~ ApBu (268)
B2 A12
C = el 269
12 1~ AyBr (269)
B13A32B;
Coy = Byt — 22722 270
22 2t R (270)
and a new operator can be introduced
C=AB. (271)
To invert a 2-port, equations 267 to 270 can be rewritten as
An
B = 272
H A1 Az — A2 Ara (e72)
1— Ay»B
By = —271 (273)
A
1— Ay»B
B, = ——=271 (274)
A1
B2 A22Ba;
B = —— - 275
22 1~ AyyBy, (275)

with C1; = Ce = 0 and Cy; = C12 = 1. And a new operator for inverting a 2-port can be
introduced.
B = A°L (276)

A.1.4 Cascading of a 2-Port and a 1-Port

>
o)

1 2 1

| |
C | |

| |

> Aoy I

R > .

| |

| |

: YA AxA : Y B

: Az :

< *

| |

Figure 22: Cascading a 2-port (A) and a 1-port (B)

Another special case of cascading is a 2-port and a 1-port. Then equation 266 can be

rewritten as
A1 B11A12

Cii=A4 _—
11 11 + 1 — ApBut

(277)
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A.2 Transmission Line Junction

A transmission line junction 2-port can be used to change the reference impedance. The
transformation of the reference impedance is described in [25]. VNA Tools is using pseudo

waves for changing the reference impedance, see section A.2.2.
Al
|

A.2.1 Power Waves

Z3
|

Figure 23: Transmission line junction

The S-parameters of a transmission line junction using power waves are given by the following

equations

St

So1

S12

Sao

(Z2 — Z1)
(Z1 + Z9)
(Z1 + Z)
2N/ 217y

(Zl + ZQ)
(21 — 22)
(Zl + ZQ) '

(278)

(279)

(280)

(281)

The reference impedances of these S-parameters are Z; for port one and Z, for port two.

A.2.2 Pseudo Waves

The S-parameters of a transmission line junction using pseudo waves are given by the follow-

ing equations

(Z2 — Z1)

(Z1+ Z9)

é Re(Zg)

Zo Re(Z1)

279

(Z1 + Z)

Re(Z1)

22, Re(Z2)

Za
A

(Z1+ Za)
(21— Z5)

(Z1 4+ Z3)

(282)

(283)

(284)

(285)

The reference impedances of these S-parameters are Z; for port one and Z, for port two.
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A.3 Transmission Line Section

The S-parameters of a transmission line section are given by the following equations

—— Zo,yl [—*

Figure 24: Transmission line section

(Zy* — Z,*) sinh 1

S = 286
H 27207, cosh vl + (Zo2 + ZTQ) sinh vl (286)
2707,
S = e (287)
27472, cosh vyl + (ZO + Z, ) sinh ~l
2707,
Sy = 0 (288)

2742, cosh vl + (ZO2 + ZT2) sinh 7yl

(Zo* — Z,?) sinh i
Soo = 3 N . (289)
27207, cosh vl + (Zo + Z, ) sinh [

Where Z; is the characteristic impedance and ~! is the propagation constant times the length.
The reference impedance at both ports is Z,..
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A.3.1 Lossy Coaxial Transmission Line Section

A lossy coaxial transmission line section is described in [26].

o = opc—OHF\| TR, (290)
k= wype (291)
/i(l—l-b)
d = Y20 (292)
b2 b b
I 2In(2) 1/b
F, = 2 +1> 293
’ 21n (2) b4 2 <a (293)
2me
C, = 294
0 In (g) ( )
pin (2)
L, = a 2
0 2 (295)
2 2F
R = 2wLidy <1—k "’2 °> (296)
k2a?F
U = I <1+2d0 (1— “2 0)) (297)
G = wCdok*a’F, (298)
C' = Cy(1+ dok*a’F) (299)
7' = R +jwl (300)
Y = G+ jwC’ (301)
v o= VZ'Y! (302)

Z/
Zo = ,/? (303)

Where 1 and e are permeability and permittivity of the dielectric. The conductors are charac-
terized by their conductivity cpc and o r. The frequency is f and the angular frequency is
w. Outer conductor inner radius b and inner conductor outer radius a describe the geometry
of the line.
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B Wave Parameter Tools

The S-parameter matrix S is defined with the following equation

b = Sa (304)
or using explicit components
b1 5171 e SI,N al
T ; (305)
bN SNJ c. SN,N anN

where b is a column vector for the test receiver wave quantities and a is a column vector for
the reference receiver wave quantities. IV is the number of ports.

The above equation can be generalized by adding additional columns to b, a. This yields
into the following equation

B =SA (306)
or using explicit components
b171 e bl,N 5171 . SI,N CL171 e al,N
: : = Do S (307)
bN71 bN,N SN,l SN,N anN1 ... AGNN

where A and B are wave parameter matrices. The row index indicates the port and the
column index indicates the stimulus port.
B.1 Cascading

Figure 25 describes cascading of an S-parameter matrix Y, which consist of a product of
wave parameter matrices, with a conventional S-parameter matrix X. The variables X, Y
and Z are S-parameter matrices. The variables By, Ay and Bz, A, are wave parameter
matrices. X is a 2N-port and Y is a N-port. Z will be a N-port. According to [23] and [24]
the S-parameter matrix X can be split up into

Xoo Xm)
X = 308
<X10 X1 (308)

and the following set of equations holds

Bz = XAz + XpBy (309)
Ay = XAz + X11By. (310)

One can solve equation 310 for A
Az =X JAy — X{§ X1;:By (311)
and plug the result into 309

Bz = X00X g Ay — (X00X 0 X11 — Xo1) By (312)
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]

N 2N

Z=BzA,', Y =ByA;
—» —»

Xoo X1

Xo1

By
* < ¢
| |

Figure 25: Cascading of a 2V-port S-parameter (X) and the N-port wave parameter matrices
By, Ay)

The above two equations 311 and 312 can be used to cascade a 2/N-port S-parameter and
the N-port wave parameter matrices. The result will be the N-port wave parameter matrices
Bz, Az

A simplified notation can be achieved by introducing a new operator

(Bz,Az):XQ(By,Ay). (313)

B.2 De-cascading
One can solve equation 309 for By
By = X,'Bz — X' Xo0A 7 (314)
and plug the result into 310
Ay = X1 X Bz — (X11X' X0 — X10) Az. (315)

The above two equations 314 and 315 can be used to de-cascade a 2/N-port S-parameter
X from the N-port wave parameter matrices Bz, A ;. The result will be the N-port wave
parameter matrices By, Ay.

A simplified notation can be achieved by introducing a new operator

(By,Ay) = (Bz,Az) 0 X. (316)
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B.3 SOLT Error Correction

Figure 26 describes the SOLT error correction of a 2-port using error terms for each switch
position x of the source.

8
8l
8
Ned
<

[
l

e ¢ — — —
wn
=~
S

e ¢ — — —

IS
2
s3]
81
8
Q
“«
2
o
U0

- — — — — 98
Y
<
o=
<
<

yx
*
|
|
|
|
|
d 4
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Figure 26: SOLT Error Correction

The following set of equations holds for the VNA test receivers wave quantities

7 n n L

MY = dME,, + b3 B (317)
" n n T

bl = By + 05 By (318)

where x = N + 2,y = N 4+ y and N is the number of ports. The above equations can be
solved for the reflected and transmitted wave quantities of the device under test

xT

b = (M — oM E,y)/Eus (319)
b = (0 — By, By (320)

The following set of equations holds for the incident wave quantities of the device under test

1" n T n
S — VB, 322
ayx yxr —Yy- ( )

This concept can be generalized to N-ports by adding additional receiving ports.
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B.4 Switch Terms

The S-parameter matrix S is defined with the following equation

B =SA (323)
or using explicit components
bl,l e bl,N 51’1 e SI,N aLl e al,N
= ¢ - A (324)
bN71 bN,N SN71 SN,N aN71 aN,N

where A and B are wave parameter matrices. The row index indicates the port and the
column index indicates the stimulus port. IV is the number of ports.

In most of the cases only the diagonal of the wave parameter matrix A is measured,
because some VNA manufactures can not collect all test and reference receivers in the same
sweep. Another reason is that measuring the complete matrix A will introduce more noise to
the S-parameters S because the measured signal at the passive reference receivers is closer
to the noise floor. This yields into the following equation

B =SCAyy. (325)
A

The off-diagonal of the matrix A can be reconstructed with the correction matrix C

1
C=AA ., (326)
or using explicit components
1 @2 as aLN
a2 2 az3 """ anN
az,1 1 a3 az N
21,1 “ azsz 7 %N,N
3,1 3,2 3,N
C= a1 a2 1 aN,N (327)
GN,1  GN_2 ON3 1
a1 a2 as.3 e
. . oy by
One can expand the off-diagonal elements of the matrix C with ;*
i,5
1 bi2 a2 bi1,3 a1,3 bi,N a1,n
az2 by 2 azzbiz "' annNbiN
b21 @21 1 boz as3 ba N azn
Z11b21 ) a3z bz GI;NNbQN
o b31 as;1 3,2 03,2 3,N a3,.N
C= ai bs1 a2,2 b3 2 1 an,N b3, N . (328)
bvian,  bynzanz2 by angs 1

S

a1,1 byg1 a22 by ass byg

It can be shown that the ratio b” is independent of the switch position j of the source. This
ratio is called switch term of port 1. The switch terms can be measured once. Afterwards they
can be used to reconstructed the full matrix A.
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B.5 Absorbed Power

The absorbed power by a device under test is described in [25]. VNA Tools is using pseudo
waves to compute the absorbed power, see section B.5.4.

B.5.1 Power Waves 1-Port
The following equation describes the absorbed power of a 1-port using power waves
P =a* — |b]? (329)

where a is incident wave and b is the reflected wave. The above equations can be rewritten
as
P=la*(1-15% (330)

where S is the reflection coefficient of the 1-port.

B.5.2 Pseudo Waves 1-Port

The following equation describes the absorbed power of a 1-port using pseudo waves
Im(Z,)
Re(Z;)

where a is incident wave and b is the reflected wave. The operator * denotes the conjugate
transpose and Z, is the complex reference impedance. The above equation can be rewritten

P = |a* — |b]* + 2Tm(ab")

(331)

as
b\ Im (Z,)
= la|® — || — 21 *_ a 2
P =|a|* —|b] m (aa a) Re(Z,) (332)
which yields to
Im (Z,)
— ]2 _ 2 r
P = |a| (1 |S]* — 2Im () o (Zr)> (333)

where S is the reflection coefficient of the 1-port.
In the case where the imaginary part of Z,. is zero, the absorbed power using power waves
and the absorbed power using pseudo waves are the same.

B.5.3 Power Waves N-Port
The following equation describes the absorbed power of a N-port using power waves
N N
Pe=>"lajl? (1 = ysm-|2>. (334)
j=1 i=1

The absorbed power can be computed for each source position k.

B.5.4 Pseudo Waves N-Port

In a first step the complex reference impedance of N-port is changed to a real reference
impedance by cascading a transmission line junction to each port, see sections A.2.2 and
B.1. In a second step the absorbed power is computed by using equation 334.
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C Time Domain

The here used transformation of frequency domain S-parameters to time domain and time
gating is described in [27].

C.1

Frequency Domain to Time Domain

The transformation from frequency to time domain is shown in figure 27.

Frequency Domain

| _=n
fmz’n fmaz
Harmonic Grid l 1.

&IIH[WIILPL#

Band Pass Mode Low Pass Mode Window
2 1,
LT », o ILLUH4%TTHTT¥¥DJJJI”+
fl fn _fn _fl fl

|3 |3

Time Domain (Band Pass) Time Domain (Low Pass)

[ ITTTTTH . an, I||||||||H||||||||H§&fL

—tpp 0 typ —tip

Figure 27: lllustration of the transformation from frequency domain to time domain using the
band pass mode or the low pass mode.

1. The original data in frequency domain is interpolated on a harmonic grid. A harmonic

grid is formed by a set of equidistant frequency points f; (¢ = 1...n) with spacing df.
The frequency step df of the harmonic grid is equal to the largest frequency step of the
original data in frequency domain. The first frequency f; of the harmonic grid has to be
a multiple of df and f,.;», < f1. The last frequency f,, = fiaz Of the harmonic grid has
to be a multiple of df.

. In the low pass mode, the data of the harmonic grid is mirrored (conjugate complex) to

the negative frequencies and the DC point is added.

The data on the harmonic grid is multiplied with the window function and then trans-
formed to time domain using the inverse DFT (discrete fourier transform).
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C.1.1 Band Pass Mode

The band pass mode simulates a narrow-band TDR (Time Domain Reflectometer). It allows
the user to identify locations of mismatches but does not indicate whether the mismatches are
capacitive, inductive or resistive. However, it’s suitable for displaying a magnitude proportional
to the response of a TDR. Since the band pass mode does not include a DC value and low
frequency values, only the impulse excitation is supported.

The time resolution is computed with the following equation.

1

dtpy = —— 335
bp n- df ( )
Note that the time resolution gets finer with a larger frequency span f,, — fi.
The maximum time is computed with the following equation.
-1
thp = {" > J - dtyy (336)

The operation | | denotes rounding to the lower integer number. Note that the maximum time
gets larger with a smaller frequency step df.
The minimum time is computed with the following equation.

~thy == | 5| - dty (337)

Note that for an odd number of points n, it is ¢, = ty,.

C.1.2 Low Pass Mode

The low pass mode is used to simulate a traditional TDR measurement. This mode gives the
user information to determine the type of discontinuity (R, L, or C) that is present. Low pass
mode provides the best resolution (fastest rise time), and it my be used to either compute the
step or impulse response of a device.

The low pass mode is less general than the band pass mode in that it places strict limita-
tions on the frequency range of the measurement. The first frequency f; must be equal to the
frequency step df. The DC frequency response is either measured or extrapolated from the
two lowest frequency points in frequency domain. The requirement for a DC point is the same
limitation that exists for traditional TDR measurements.

The time resolution of the low pass mode is computed with the following equation.

1

dtyy = —————
P on+ 1) df

(338)

Note that the time resolution of the low pass mode is about twice as fine as the time resolution
of the band pass mode.
The maximum and minimum time is computed with the following equation.

tyy = n - diy, (339)
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C.1.3 Frequency and Time Uncertainty

In the following example the band pass mode is used. Let's assume a frequency uncertainty
of
H=z
stab) — 1 e
u (fstap) = 10 T,
and a frequency step df = 100 M Hz and n = 500 measurement points. The time resolution
would be computed with

(340)

1
dty, = W = 20ps = 20 as. (341)
The maximum time would be
n—1
lyp = { 5 J - dtp, = 4.98ns £4.98 fs (342)
and the minimum time would be
~thy == | 5| - dtyy = ~5.00ns £ 5.00 fs. (343)

The ratio of the worst case time uncertainty to the time resolution is

u (to +1,) _ 998 /s

H
dt, Nps (n— 1)U (faas) = (500 — 1) 1076 =2 =499 - 1074, (344)
P

Hz

Note that the maximum and minimum time get larger the more measurement points n are
used. Therefore the above ratio gets as well larger (worse) when more points n are used. The
uncertainty of frequency and time is not taken into account by VNA Tools.
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C.2 Time Gating

This section describes the transformation from frequency to time domain, gating the data in
time domain and transforming back to frequency domain.

C.2.1 Band Pass Mode

For time gating, using the band pass mode, see figure 28.

Frequency Domain

| | >n
fmin fmaw
Harmonic Grid l 1.
LU . ar
Band Pass Mode Frequency Extrapolation No Window
LA TN wear CLELLLLC T TLEEEEL T LT ] ] 20, af
bil In Jicpny2y N1 In ot

lz. ls.

Time Domain Representation Time Domain

(WITTTITE s d,  [TTTITTITTTTTIT R ] 20 %5
0

—top 0 top —top top
Choose Gating Parameters ~ Time Domain Gate Shape

teenter t.s’pa,n: Ldelta i [I:IJ U U | | |MT\L| | |_| |2ns dt%
0

—typ top
l 6.

Frequency Domain Representation (Time Gated)

IRERRRED 2n, df
fl fn

Figure 28: lllustration of time gating using the band pass mode. The steps 2 and 3 on the left
side are used for time domain representation and to choose the gating parameters of the gate
shape. The steps 4, 5 and 6 on the right side are used for the time gating process.

1. The original data in frequency domain is interpolated on a harmonic grid, see as well
section C.1.

2. The data on the harmonic grid is multiplied with the window function and then trans-
formed to time domain using the inverse DFT (discrete fourier transform).
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. The gating parameters t.cpter, tspan @nd tqerr, are chosen. See section C.2.3 for com-

puting the gate shape.

. The data on the harmonic grid is extrapolated at the lower and higher frequency ranges.

The extrapolated points are a mirrored version of the harmonic grid and have large
standard uncertainties of (1 + |v,|)/v/3 in real part and £(1+ |v;,|)/+/3 in imaginary
part where |v,| is the absolute value of the part p. They are used to regularize the value
and compute the uncertainty at the boundaries of the time gated data in frequency
domain.

. The extrapolated data in frequency domain is transformed to time domain without ap-

plying any window function.

. The complex data in time domain from step 5 is multiplied with the gate shape and then

transformed back to frequency domain. A subset of the frequencies is the result (time
gated data in frequency domain).
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C.2.2 Low Pass Mode

For time gating, using the low pass mode, see figure 29.
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Figure 29: lllustration of time gating using the low pass mode. The steps 2 and 3 on the left
side are used for time domain representation and to choose the gating parameters of the gate
shape. The steps 4, 5 and 6 on the right side are used for the time gating process.

1. The original data in frequency domain is interpolated on a harmonic grid, see as well

section C.1.

. In the low pass mode, the data of the harmonic grid is mirrored (conjugate complex) to
the negative frequencies and the DC point is added if required. The data on the har-
monic grid is multiplied with the window function and then transformed to time domain
using the inverse DFT (discrete fourier transform).

. The gating parameters tccnter, tspan @nd tqer, are chosen. See section C.2.3 for com-
puting the gate shape.
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4. The data on the harmonic grid is extrapolated at the higher negative and positive fre-

quency ranges. The extrapolated points are a mirrored version of the harmonic grid and
have large standard uncertainties of +(1 + |v.¢|)/V/3 in real part and (1 + |vin|)/V/3
in imaginary part where |v,| is the absolute value of the part p. They are used to regu-
larize the value and compute the uncertainty at the boundaries of the time gated data in
frequency domain.

. The extrapolated data in frequency domain is transformed to time domain without ap-

plying any window function.

Note that the time resolution is dt;, = 4Zildtlp ~ 0.5dt.

. The complex data in time domain from step 5 is multiplied with the gate shape and then

transformed back to frequency domain. A subset of the frequencies is the result (time
gated data in frequency domain).
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C.2.3 Gate Shape

The gate shape with the parameters center time t.cpzer, time span tg,q, and delta time t4¢;1,

is shown in figure 30.

tcenter

Figure 30: Gate shape

The gate shape G'Spanapass is computed with the following function

0 <t
HannFilter (¢,t1,t3 + 2tgeita) ,t1 <t < t3
GSbandpass = 1 , 13 <t<iy (345)
HannFilter (¢,t4 — 2tgeita, te) ta <t < tg
0 7t6 <t
and for a notch gate type
GSnotch =1- GSbandpass (346)
where the Hann filter is defined as
cos (2m "=t anll2)
HannFilter (tv tstarta tstOp) =1+ 2 - (347)
between tgqt <t < tg0p. Otherwise it returns 0.
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D METAS UnclLib

METAS UnclLib [8], [9] is a generic measurement uncertainty calculator that supports the mul-
tivariate propagation of measurement uncertainty [7], taking correlations between quantities
fully into account, see figure 31.

Input quantities

AFASH
/N

l

Measurement model

| J1 | | f2 |
Output quantities

/\CO” /\
Y Yy

Figure 31: lllustration of multivariate uncertainty propagation: The uncertainties and corre-
lations of basic input quantities X;, X», X3 are propagated through a measurement model
resulting in uncertainties and correlations of multiple output quantities Y7, Y, see [7].

The user only needs to specifies the input quantities X with uncertainties, or, more general
with an input covariance matrix V x, and the measurement model f. The actual propagation
of uncertainty is done in the background in an automated way. METAS UncLib keeps auto-
matically track of the derivatives with respect to the input quantities. Formally this means that
METAS UncLib computes the output quantities Y = f (X) and the Jacobi matrix Jy x of f
that contains the drivatives of the components of Y with respect to the components of X.
On demand METAS UncLib can compute the output covariance matrix Vy = Jy xV xJyx'.
Further information about the technique behind METAS UncLib can be found in [9].
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E Small Sample Statistics

The standard uncertainty associated with the final result is multiplied with the coverage factor
to obtain an expanded uncertainty with a desired coverage probability (usually 95 %). The cal-
culation of the coverage factor is not straightforward anymore, if the uncertainty contribution
due to small sample statistics is significant. The GUM documents [6, 7] are not very consis-
tent in how to treat such a situation, in particular for the multivariate case. We find neither the
solution in GUM Supplement 2 with the multivariate t-distribution [7] nor the multivariate gen-
eralization of the Welch-Satterthwaite approach [28, 29] satisfactory. The following solution is
a self-developed, pragmatic and safe approach to the problem. It will generally overestimate
the uncertainty contribution due to small sample statistics.

A series of n measurements (z1, z2, x3,... ,x,) Of @ vector quantity with length NV leads
to a sample covariance matrix of of the mean

1 _ .\ _ v/
S= oy @ D@ =7+ = D) (@ 2] (348)

with = being the sample mean vector.

It is assumed that the n drawings are from a N-dimensional normal distribution. To obtain
a p-100 % confidence region the covariance matrix needs to be expanded with the following
factor squared

NormalDistCDF ! (%) S JN=1An=o
StudentTDist CDF ~* (n -1, %) ,IN=1An<o0
knnp = (349)
\/ Chi2DistCDF ™ (N, p) N>1An=oc

\/(T;;ljsz FDistCDF (n—N,N,p) ,N>1An<oo

Direct application of this factor can be done, if the covariance matrix is associated with the
final result. If it is just an uncertainty contribution among others, which needs to be propagated
to the end result, the following practical solution is applied. The sample covariance matrix of
the mean S is extended using the factor

2 k'n,N,p ?
(Favp)’ = (752 ) (350)
oo,N,p
leading to
T = (fanp)’S. (351)

T is then used for subsequent uncertainty propagation to the end result. Finally, the

covariance matrix associated with the end result is multiplied with (koo n7p)>.
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Table 10 shows selected k- and f-factors for different numbers of measurement repetitions
n and dimensions N.

Table 10: Coverage Factors

n| kn1,095  kn2095  kngo9s | fn,1,095  [n2095  fn8095

3

2 | 12.7062 6.4829

3 4.3027 28.2489 2.1953 11.5408

4 3.1824 7.5498 1.6237 3.0844

5 2.7764 5.0470 1.4166 2.0619

6 2.5706 4.1666 1.3115 1.7022

7 2.4469 3.7265 1.2484 1.5224

8 2.3646 3.4642 1.2065 1.4153

9 2.3060 3.2906 123.6466 | 1.1766 1.3444 31.3989
10 2.2622 3.1674 26.4075 | 1.1542 1.2940 6.7059
11 2.2281 3.0755 15.3582 | 1.1368 1.2565 3.9001
12 2.2010 3.0044 11.5284 | 1.1230 1.2274 2.9275
13 2.1788 2.9477 9.6183 | 1.1117 1.2042 2.4425
14 2.1604 2.9014 8.4781 1.1022 1.1853 2.1529
15 2.1448 2.8630 7.7209 | 1.0943 1.1696 1.9606
16 2.1314 2.8305 7.1813 | 1.0875 1.1564 1.8236
17 2.1199 2.8028 6.7773 | 1.0816 1.1450 1.7210
18 2.1098 2.7788 6.4633 | 1.0765 1.1352 1.6413
19 2.1009 2.7578 6.2122 | 1.0719 1.1267 1.5775
20 2.0930 2.7394 6.0068 | 1.0679 1.1191 1.5254
50 2.0096 2.5523 4.4984 | 1.0253 1.0427 1.1423

100 1.9842 2.4983 41914 | 1.0124 1.0206 1.0644

00 1.9600 2.4477 3.9379 | 1.0000 1.0000 1.0000

The table helps to determine the improvements in accuracy that can be achieved by increasing
the number of measurements. E.g. for N = 2 increasing the measurement repetitions from
4 to 5 leads to a reduction of the uncertainty contribution by approximately 2/3. The selected
dimensions are based on the most often used cases:

N =1 : Scalar quantity
N =2 : Complex reflection factor of a 1-port DUT

N = 8 : Complex S-matrix of a 2-port DUT
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F Normalized Error

The normalized error is described in [30].

F.1 Scalar Case

A suitable quantitative verification criteria for a scalar parameter is based on the normalized
difference ¢, also referred to as normalized error, between measurement and reference data.
The pass condition is ¢ < 1. The normalized error is expressed as

o
ku(d)

(352)

The quantity d is the difference between measurement and reference of a scalar quantity.
u (d) is the standard uncertainty of d.

k is the coverage factor used to expand the uncertainty in denominator in above equation.
A value that is often used is £k = 1.96. It expands the uncertainty associated with d to a 95 %
coverage interval. k = 1 corresponds to a 68 % coverage interval. This verification procedure
assumes that the underlying PDF associated with d is Gaussian.

Remark: tiny differences d smaller than 107! are set to zero which yields to a normalized
error of 0.

F.2 Multivariate Case
A straightforward generalization of the scalar criterion is expressed by the matrix equation

€= % d(u(d)td (353)

with prime denoting the transposed. The pass criteria is as well ¢ < 1.

d is a row vector, which contains the components of the difference between measurement
and reference data. u (d) is the covariance matrix associated with d.

The coverage factor k plays the same role as in the scalar case, but the coverage factor
k in the multivariate case is larger than in the scalar case. E.g.: for 95 % coverage probability
in the two-dimensional case the value £ = 2,45 should be used and for £ = 1 the coverage
probability would be 39 %. Again, this assumes that the probability density function associated
with the measurement uncertainty of d is a multivariate Gaussian one.

The inverse of the covariance matrix is computed using the eigenvalue decomposition

(u(d)) ' =vD 1V (354)

where V are the eigenvectors and D! is a diagonal matrix. The elements of the diagonal
matrix D! are the inverse of the eigenvalues. The elements of the diagonal matrix D, which
are smaller in value than 10~1° times the largest eigenvalue, are not inverted but set to zero.
This is done to avoid numerical problems which may arise from rank deficient covariance
matrix u (d).

Remark: tiny differences in the row vector d smaller than 10~1° are set to zero.
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G Eigenvalue Problem

The most general problem is an over-determined non-linear eigenvalue problem

AoV + ANA1V + AN2Aov+ ...+ A"A,v = 0.

(355)

The over-determined non-linear eigenvalue problem can be transformed to a balanced
non-linear eigenvalue problem with order m = 2n by squaring the over-determined non-linear

problem

AAv+A(ALAL + ATAQ) v+ A2 (AfAs + ATA; + AZAQ)v+...+ A" AZAL v = 0.
——

——

Bo B:

B2

The operator * denotes the conjugate transpose.
This non-linear eigenvalue problem can then be rewritten as a linear eigenvalue problem

by substitution

Bm
(356)

B() 0 0 0 \'% B1 B2 B3 Bm v
0 -I 0 0 Av I 0 O 0 v
0 0 -I 0 Mv {4a] O I 0 0 Mv | =0
| 0 0 O -1 | [ v | 0 0 O 0 | | A" |
C() W Cl W

(357)
where I is the identity matrix.
This linear eigenvalue problem can finally be transformed to a standard eigenvalue prob-
lem
Co 'Ciw= —% w. (358)
N—— ~—
D N
Note that Cg is only invertible if By is invertible. Otherwise the inverse of C; is needed. This
yields to the following standard eigenvalue problem

Ci 'Cow= —\w. (359)
—— ~~
E )\/I

The eigenvalue computation with linear uncertainty propagation is described in [31] and it
is fully implemented in METAS UncLib [8, 9].
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H VNA Calibration Model Details

The following figures show the details of the VNA calibration models:

Figure 32 describes the one-port model.

Figure 33 describes an one-port calibration.

Figure 34 describes the difference between the generic and switched two-port model.
Figure 35 describes generic multi-port calibration model.

Figure 36 describes switched multi-port calibration model.

Michael Wollensack & Johannes Hoffmann Page 79 of 91 December 2020



UUBWJJOH SBUUBYO( %3 YOBSUS|IOM [SBUDIN

16 J0 08 abed

0202 Jequade

I I I I
Raw Data : Noise, Linearity : | Error Terms , Drift of Error Terms | Cable Stability, Connector Repeatability, DUT Uncertainty | Error Corrected
I I I I I I Data
I I I I I C I
I I I I I I
| I | I | |
+— R | +—~— E [+ D p>—+—1-cablei}+ Comnectori +{DUTU 4" s
| | | | | 1 1 |
I I I I I I I I
I I I I I I I I
I I I I I I I I
I I I I I I I I
I I I I I I I I
I I I I I I I I
I I I I I I I I
| | | | | | | |
M I M M % I s’ I I I S I
— > — > — > — > — : : —>
N S S S S S T S S A R S
I I I I I I I I
I I I I I I I I
1 YN OA | ' YEP  EMA 1 YDP DMA v YCE  CE,A v YRE, RE,A YU OA 1 YSi4
I I I I I I I ’ I
I N Ly I 1 I ET I DT I cr I RT I 1 I
bl & ’: 4 < 'y < s < é < é < é < s
] ] ] ] ] I I ]
I I I I I I I I
| | | | I I I |
I I I I I I I I
I I I I I I I I
| | | | | | | |
I I I I I I I I
I I I I I I I I
I I I I I I I I
I I I I I I I I
I I I I I | | I
| | | | I I I |
I I I I I I I I
I I I I I I
aref. 1 NE noisefloor 1 I EP directivity 1 DP directivity 1 O reflection I R reflection 1 U reflection 1 S S-parameter
receiver | N trace noise ! I ET  tracking ! drift ! stability ! repeatability ! uncertainty !
b test : L linearity : : EM  match : DT tracking drift : CT transmission ' RT transmission : :
receiver | | | 1 DM match drift | stability | repeatability | |
I | I
I I I

Figure 32: VNA 1-Port Calibration Model
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Figure 33: VNA 1-Port Calibration Model cont.
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Figure 34: VNA 2-Port Calibration Model
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Figure 35: VNA Generic Calibration Model
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| Material Parameters

I.1 Nicholson-Ross-Weir

The algorithm called ‘Nicholson-Ross-Weir’ is described in [32] and [33]. The algorithm is
applied to calculate the relative permittivity €. and the relative permeability p, from transmis-
sion S5; and reflection S1; parameters. The results can have poles for low loss samples with
thickness of > 1 wavelength.

The procedure prescribed by the ‘Nicholson-Ross-Weir’ method starts with

PR Clallly) 360

U= T Tore (360)
and

PR 361

2= T oy (361)

The reflection coefficient can be deduced with
r=X+vX2-1 (362)

where |I'| < 1 is the criterion for finding the correct root. In terms of S-parameters X can be
written as
St — 85 +1

X =

(363)
Knowing I' the transmission coefficient is

S11+ 891 —T

T = .
1-— (511 + Sgl)r

(364)

The wavelength A in the sample can be deduced with

1 (e 1Y) 1 AN 2
b)) o)

Here \q is the free space wavelength, A, is the cut off wavelength and L is the sample length
or thickness. The integer n is chosen such that the difference between the ‘New Non-lterative’
(NNI) method and the ‘Direct’ method gets minimized

. 2 s N2
min ((R(d)” + (3(d))’) (366)
with 2 ) )

Eeff o og  (Su1—1)"—=S85 ,
d= Eeffleff — — Hguess — - Hoyess (367)

Meff & A? (Sll + 1)2 — Sgl &

~——
NNI Direct

where piguess 1S the guess for the relative permeability. The wavelength in an empty cell A, is

IR e
e

1 1
= — 55 c
2 TN 0

2 _
2, = (368)
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Here f, is the frequency, f. is the waveguide cut off frequency and ¢ is the speed of light in
vacuum. The effective material parameters are defined as

fleff = AXQ Gf?) (369)
and
Eoff = % (i?) . (370)
The relative permeability is defined as
fir = Hefi- (371)
The relative permittivity is defined as
& = <1 — f§> Eeoff + ;(C;Hiﬁ. (372)

1.2 NIST Ilterative

The algorithm called ‘NIST lterative’ is described in [34]. The algorithm is used to calculate
the relative permittivity £, from transmission S»1, S12 and reflection 511, S22 parameters. The
relative permeability is assumed as p, = 1.

The procedure prescribed by the ‘NIST lterative’ method starts with the following equations

s - pit=T) 373
0= e (879)
P Gl ) 374
21 = P12 = fulte 5 (374)
S L Gy 375

n =T e (879)

Ry = ¢l (376)

Ry = e 0Lz, (377)

Here L, and L, are the distances from the calibration reference planes to the sample ends,
and R; and R» are the expressions for reference plane transformation.
The propagation constant in a with material filled sample holder can be written as

2 2
N = ]\/(27rf0) HUrEr — (27ch) (378)

2
€

where f is the frequency, f. is the waveguide cut off frequency and ¢ is the speed of light in
vacuum. The propagation constant in an empty sample holder can be written as

2 2
0 = ]\/(27Tf0) Eair — (27ch) ) (379)

2
€o
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The reflection coefficient is defined as

o 7
MO HOpr
I'=%+ (380)
Ho O Mr

and for DC

A/ 5air%: -1
=t — ———. (381)
\/ 5air%: + 1
The transmission coefficient can be written as

T=e% (382)

where L is the sample length or thickness. The transmission S-parameter of an empty sample
holder is
S9, = RiRoe 0L, (383)

The optimizer minimizes the following two objective functions

T2 o F2
fl = S21S12 - S11S22 - 672’YO(L1+L2) <]_—W> (384)
and )
So1 L (T(1-T
f2 — 5731 — e (1 — 1272 (385)

by adjusting ¢,.

1.3 New Non-lterative

The algorithm called ‘New Non-lterative’ is based on the ‘Nicholson-Ross-Weir’ algorithm, see
appendix I.1. The algorithm is used to calculate the relative permittivity ¢, from transmission
So1 and reflection Sy parameters. The relative permeability is assumed as p, = peg = 1.

Multiplying equations 369 and 370 from the ‘New Non-Iterative’ algorithm yields the follow-
ing effective material parameter

)\2
Eeff Heff = AQQ (386)
Note that this solution has no poles. The relative permittivity is defined as
fg) Eeff Heff fc2 1
e = - = + = . (387)
( f8) mer S s

Here fy is the frequency and f. is the waveguide cut off frequency.
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1.4 Direct

The algorithm called ‘Direct’ is based on the ‘Nicholson-Ross-Weir' algorithm, see appendix
I.1. The algorithm is used to calculate the relative permittivity .

fc2 Eeff fc2 1
Er = (1 - fT? Lot Heff + fT?ueH . (388)

with
Eeff N (511 — 1)2 — S%l
Heff (S11 + 1)2 — S%l
from transmission S,; and reflection S;; parameters. fj is the frequency and f. is the waveg-
uide cut off frequency. The relative permeability is assumed as p, = peg = 1. The result can
have poles for low loss samples with thickness of > % wavelength.

(389)
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